




PRE-UNIVERSITY 

INTERMEDIATE 

THIGONOMETHY 

( Covering Pre-University, Higher Secondary & 
Entrance Cjourses ) 



OUR COLLEGE PUBLICATIONS 


15y Das Miiklierjoo 

■1. INl'IllUrEDTATI] STA'I’ICH {Vth Edition) 

■ il. JNTEr.MEDIVTD J)YN LMK'S 
y. lIKJUEli TKKJONOMETRY {irAli Edition) 

4. 1NTF/!UA1. fAlAJUIil’S (iJ/y^ Edition) 
ii. lUFFIlIiDXTI \ E C \LOlTrAiS ( 0th Edition) 

(1. V SHOUT (;0( liSH OF (A)MFLIA VAIil \r,[ji;S 
IIIOIIJJU THJCON'OiiF/rUY 

7. \N \TA’Tir\Ii DW \\lK'S 

01’ \ FAUTIf'IA) Ua? Edition) 

8. IJJDri’.XTS OF CO-OliDlNATi; VNDSOUID 

(ilFAMF/l'UV 

lly Oa?i' uli A AluKhorioo 

;t. INTl'ilJMllDl \TH MiCr.lUU (loth Edition) 

10. I’llD-UNIVFJlSITV \fj(U<:r.]lA 

lj\ S. ^lukh i\, N. Das 

LI. KEY TO INTnUMEDI VDE TlilOOEOMETiiY 
12. KFi\ TO 1 ’UFj-(TM. INTEF. TUlOONO:\ir,TKY 
i;i. KEY TO JNTElttniDL V'l’E DYNAMH'S 

11. KEY TO JN'l EiniEDI Vl'll ST \T10S 

IO. KEY TO IIIOHEK TRlOOXO^rF-TKY 
U;. KEY TO DlFFERENTl VTj 0 VLCFLUS 

l!y P. K. Das 

17l KEY TO ANAhlTlOAl. DYNAMIOSOF A PARTTCEE 
P'V An Exptiit'iicod (iraduale 
18. KEY TO TNTEUAl EDI VTR AIiOEDR k 

IP. KEiY TO rKEi-UNlYERSlTY ALGEDIU 
20. KEY TO INTEGRAL OALOUl. US 



PRE-UNIVEIISITY 

INTERMEDIATE 

TlUGONOMETllY 


ny 

13. C. DAS, M. Sc. 

rKOFi^ShOii or MATifirjAricH, PiirsiDENry culli (JE, 
r\LCU'i r\ ( kt:ti) ) ; 

]'XTA(TU11KH IN APPEirj) MVTHEMAnCri, CMA'UTTA UNIVERSTTY 

Axn 

B. N. MUKHERJEE, M. A. 

Premchand Roychand Scholar 

PK'orEssoii or mathem 

SrOTITSJT CrXiKH COLEEOL, (’M.CljrrA 


U. N. DHUR & SONS. PRIVATE LTD. 
BOOKSELLERS & PUBLISHERS 
15. BANKIM CHATTERJEE STREET. CALCUTTA 12 



Puhhshed hy 

DWIJLND^ANATH J>*iUR, I? Ij. 

jFoR U. N. J)HUR & Sons, j»rivate i^td, 
1.0, IjaukuTi (MiatltTj* p (\ilcutU 12 


Prniied by 
TRlDIiiESIl rK\SU, 

THE K V. lUSU PRINTING \\ORi:ri, 
11, Moliondra C’^^bsaiu Laiio, Calcutta 0 



PREFACE 


W Iluo r(\js'i(l mil bool Intel niocliai'* Tn^^om inctry 
n ucmdince witli the s^llainis oi l^io I nuci^^ii^ 
con<^t o[ tho ( ilfutfi ml l^i( lln^or•^l(> and Lniiiiui 
(ou 0 ol cthd { riivo so that tho pit'^ent hnol is 
iiknlel to 1)6 i tf\l I ool hi the Pm I ni\orsit\ md 
1 nti in ( student-) 1 he hook also roNOi i orn])Ictely the 
snIU'us ol Hiliii So onln^ roui^o ol tlie hond cf 
Sic 01 d edne d on \V( si I al AVo hi\i ii icd to mil o 
tho txpo'^it on dill ind (fiuis^ withoiii ^^o id mlo nn 
nectssan dot ids A ^,ood minlni of (vain])li hislieeu 
AMnked out l)v^a^ ol illiidntoTj md ( unjilts stl have 
h(( n c u full’^ leiUd 

Impntmf lr»]iHih md i suits lm\( h n i\tn it Iho 
)f Ih horl !(i ui(i n c Sonic. t\])ii aWimstion 
inpor-^ 11 V n it th nl to i\ th studnits in i Ic i of 
ii stl j 1 11(1 f j liK c\in nd on 

11 is hop( 1 ti il thf h ) )1 ^ ill nu f tlf iKjiiiK niciits 
the loi \vl 111 ir is ni id o wa ^^o slulJ doom our 
'boi m HuicUlilil tnhnf fnuMli bool usofil 

to them 

\in (iJtuisnis, ( )iC( Lion‘s md sn (slions towards 
mill )\i nent wii] I c tliu t lull> Kceivel 


C\L(lir^ 1 
% J93^ j 


C }) 

N M 



GREEK LEITERS USED IN THE BOOK 


0 (Alphn) ^ Olf’lii) y ((riiiiinia) 

fi (lV!l;i) 0 (Thela) n (I’ai) 

i/' (PIlKll I/' (I\il J (Doltil) 

Note, Tlio 11 /ijf’on (\ I , um I lU tlu n'ld (>1 luiy cxjmiilu n oims 
tliiit tlm (^.Uhilo was [A 'it luWiuiiliaii J'A.iinMialioii of tho 
Ciiloulla IJriwiMly. 



SYLLABUS 1 
for 

Pre University and Entrance Courses 
IKIGONOMETKY 

AI IS 1 on! rf u 1 ^ Scvi i^innl nui cnculn 
1 1C isun 

Dtrii Iff i tij oTioiiK +ru il nlos, tlicii m mil 
u ’ iK 1 

]) luiion ( f 111 \ 1 11 s f the til orunuliKil latiOii 
oi 0 ° A h° fio" or 

'In 0 ion II r 1 it os ol as^c i U 1 ui Ic 
\(l((jlioii iiul s (liufoTi lonmili 

1 1 111 loi in it on o{ 110 ^ i( i irid siiiiis r 1 t i one net r ital 
ntir s 

'’\riltij' ind 111 iinlhjilt inkA'^nijilt a ( ■>) 
ijrc (ul \ lines, Solute n ol tii on iinc'ru il cqniSons. 

Ii \( ise (IK ul ii lunrtions 
Ti 1 ( nonu ir ( il id r til < 

I rlition liciwf (n skOs ud itniri Ic area in- 

1 111 i nd ( inin^ i id ik ol i tin i 1 ( 

Solution of ti Jin with use ol Ir tihlcb 
biip'u ot ^ijijilc tii ononuiiKal fuiKhdis 
• Smile piohlcnno^ luip’hts inQ d stincoj 



Syllabus for the Higher Secondary Course 
TRIGONOMETRY 
Class IX 

Measnreuiont of an^Ieb in def?rocs, mini^fos, seconds and 
in radians. Uofiuitioii of trigonometrical ratios of an acuto 
angle. Trigoiiornetri(*al ratios of tho standard angles — O'", 
30^, GO®, 90®, (undefined values sucli as tan 90®, cot O'" 
to be excluded). Simple identities connecting tbo ratios of 
an angle immediately derivable from a right-angled Triangle. 
Trigonometrical ratios of comploinontari angl(*s. 

Easy problems on heights and distances reducible to 
tliG solution of right-angled triangles involving the standard 
angles above. 

Class X 

Trigonometrical ratios ol any angle ; Trigonometrical 
ratios of angles associated with a given angle , Adflition 
and subtraction forinulm , Transformation of products and 
sums ; Multiple and sub-raulfiplo angles. 

Class XI 

Graphs of simple trigonometric functions. 

Trigonometric equations and general values * Inverse 
Circular Puiu^'tions. 

Relation between sides and angles of a triangle ; In- 
radius, circum-radius and area of a triapgle ; Pract^ical 
solution of a triangle with tlie help of logarithms ; Simple 
problems of heights and distances. 



CONTENTS 


Mcasurcinnit of atig^les 
TrigoiKJnictrical ratios 

^u. I'n^i'onoiiictrical ratios of some standard 
an^t,des 

'rri^niKJiiietrica! natios of .Angles associated 
with a f^iven angle 0 
V. Simple practical applications of 
Trigonometry 

vi^^'ompouiid angles .... 

'wii. Transformations of Products and Sums 
viJi^ ]VIiilti])le angles 
]X. ^^ub -niultiplc angles 
X. Trigniioradricnl Idcnlilies 
xi?" Trigonometrical lM|ualk)ns and (jencral 
Values 


XII. Inverse tiircular I’unctions .... 

MiscdlaHcmii Examples I *.... 

XU I. J,ogarithins 

xivT Properties of triangles 

XV. Solution of triangles 

Miscellaneous Examples II .... 

I,;. XVI. (iraphs of Trigonometrical Functions 


I’Aiat 

1 

15 

29 

37 

52 

f)0 

71 

76 

82 

88 

98 

112 

122 

124 

145 

169 

186 

189 



X 


P. U. INTERMEDIATE TRIGONOMETRY 


CHAP. 

PAGE 

xvii. Heights and Distances 

214/1 

Appendix 

215 

Answeis 

225 

Question I'ajicrs 

231 

Mathematical Tables 

.... i-xxii 



IMPORTANT FORMULAE AND RESULTS 


* /A radian - o7° 17' 41‘8" nearly. 

1 dej^ree- '0174.0 radians nearly. 

2 ri^ht an^dos- 180** * n ladian*:?. 
n~ V “ 0 lUO a])pro\irrialel>. 

Radian nKn->ino ol an anide nt Ihe (entre of a ( irelo 
_ ml'n^i arc* 
rad nib 


'll. siti^O t (Ob'Vl- 1 . 
soc^0- J T fan^d , 
coset ^i)= I co^/O 


sin 0 

io-> 0 
00^ 0 
sin 0 


'^L bin 0'' = 0 , 


cos 0"- J , 


sin :io"- 


bin rr- 


bin GO” 




( rs 00” - 


. «» o 

(OS } ) 


COS GO” 


v/d. 




=■ tan 0 

- ( oi 0. 

tan O” 0. 

t.„=0'. Jj. 

tan 

tan 60”- ^3. 
tan 1)0” - 00 . 


bin 90”- 1 , cos 90 -0 , 

/« S> 

1-')“- fOS ir,°= <“1 ir/- 2 - ^/3. 

v/'‘<+1. vS-1. 


sill 


sm 75” 


2J2 ’ 2^2 ’ = s/3. 


sin l8”=J(v/5-l , cos 3C° - i( sA5 + ]) 


sin 120”= 


cos 120'= - 


1 




am lP0”--0 , (OS 180“=- -1 tan 180“ = 0. 

sm 270“= -1 , cos 270* = 0 . ’ tan 270”= «. 

sin 3G0' ■= 0 , cos 360’ = 1 ; tan 360’ » 0. 



xn INTBBMEDIATE TRIGONOMETRY 

sin ( “ = — sin 0 ; cos (-0) — cos $ , tan ( • d) — “ tan B. 

sin (90* — 0) « cos B sin (90* 0) ^ cos 0. 

cos (90* - 0) “ sin 0 ; cos (90* + 0) - - sin 0. 

tan {90* - 0) = cot 0 ; tan (90* w 0) - - cot 0. 

sin (180* ~ 0) « sin 0 ; sin (180® 4- e) *= - sin 0. 

cos (180® - O) - - cos 0 , cos (180° 4- 0) = - cos 0. 

tan (IBO® - 0) - - tan 0 ; tan (IBO* + 0) = tan 0. 


Y 

sin 

ij>o&ihvi) 

all 

X 

o 

X 

tan 

COB 

(posit nr) 

Y' 

(posit ii e) 


tan (A + ii) 
tan (A - B) * 


sin {A + B) sin A cos B 4 cos A sin B 
sm/^ - JB) - sin A cos B “ cos A sin B 
coa {A 4 - B) - cos A cos B - ^ iji A sin B 
cos {A ~ B) - cos A cos B i- sin A sin B 
tan A 4 tan B 
I - tan A tan B 
Ian A- tan i» 

1 4 - (ati A tan B 
tan (-4 4-1? f C) 

^ tan A 4- tan I? 4- tan 0 - tan A tan B tan C 
1 - tan B tan C - tan C tan 4 - tan A tan B 
yi. 2 sm 4 cos B sin (4 4- JB) t sm (4 - B) 

2 cos 4 sin i? ^ sin (4 +• B) - sin (4 *“ B) 

2 cos 4*cos B ~ cos (4 4- 1?) 4* cos (4 - B) 

2 sin 4 sin B - cos (4 - B) - cos (4 4- B). 

Vll. sin u 4- sm ^ 2 sm ^ cos ^ 

• n n « C4-I) , G-D 

M ^ 



IMPOETANT POBMULiE AND EESDLTS 


xiii 


cos C + cos X? = 2 cos „ cos 
A 

^ 7, o ■ C + D . 

^jos C - cos Z) -= 2 Sin ^ sin 

sin 2A^2 sin A cos A 

cos 2-^ = cos^il - = 1-2 


C-D 

2 

D-C 

2 

sin®^ = 2 cos‘'^x4-l 


tan 2A = 


2 ian ^ 

] - tan**^^ 


sin 2A = 


2 tan A 
l + tan^A 


cos 


. _ 3 ~ tan“il 
T l + tan"*^ 


3 - cos 2i4“2 sin“x4 1 
H-cos 2A-2 cos'^A I 


tan^^ 


1 - COB 2A 
3 + cos 2il 


IX. sin 3^ = 3 sin -4 -4 sm^A 
cos 3-4 = 1 cos '*-4 - 3 cos A 


tan 3-4 


3 tan A “ tan *-4 
1-3 tan“-4 


X. sin d 


2 sin , 


cos 


e 

2 


COB e = cos® ^ - sin® t ^2 COB® f. -1 = 1-2 sin® ^ 
2 tan 2 

tan 0 = r 

1-tan® 2 

2 tan 7 ^ 1 - tam® ^ 

sin 0 ^ * cos 0 - 

1 + tan® 2 1 + tan® ^ 

1 - cos 6-2 sin® ^ 

1-+COS 6“ 2 cos® 2 

I — cos a 0 

l + 00Be“*““ 2’ 



XIV 


INTERMEDIATE TEIGONOMETBY 


XI. If sin 0 = sin a, then 0 = u7t + (- l)^a. 

If <5ofl d ■“ cos a. then 6 « 2?in± a. 

If tan 6 “* tan a, then B-nn + a, 

If sin or, tan 0~O, B^nn. 

Jf cos 0 = 0, or, cot 0 *= 0, 0 == + i) ” * 

Jt 


If sin 0 - I, 0 - (4w+ i il sin 0 " - J, 0 - {4m “ l) 

If cos 0-1,0*=“ ; <f cos 0 - 1, 0 ~ {2m + l);i. 

XII. ~ 

tan" -I- cot“^£r= In 
sec“ + cosoc ' ^.r “ i:fr 

tair^a;+ tan'^j/ = tan”’" 

i-OT!/ 

tiur^ic - tiur^l/- tan"*^ 

1 + 

tair^T + tan'^IZ + tan^^r- tan”^ t + ?/ + 2 ; orys 

\ - yz- zoc - xy 

sin ■ V + sin" ^y ~ sin" ^ {.r ± y 

coB"*^£r± cos'^y - cos”^ {r2/+ J\.-y^\. 


Xlll. logtt Wi?& ^ logo, m + loga n 

= loga - loga n ; loga « 71 log,, m ; 


logrt = log^, 771 Joga 1 ) ; loga 1^0; loga ( 1 =). 

a h c 
« . *=* ^ = 
sin A sin B sin 0 


2 B 


cos A '■ 


cos B* 


cos C* 


2bc 
2 ca 


2 ca 'f 
2ab ‘ ^ 


XIV. 



IMPOETANT FOEMDLiE AND EESULTS 


XV 


a^h cos C + 0 cos B. 
b — o cos A + a cos 
c == a cos B + h cos A. 

sin ^ = /{s-b}(s-o) 

2 V be 

-A /s(.i - a) 

2 “ V be 

f.,n = Ax -/))(.>! -C) 

sin ^ Ax(x - «)ls - /^)(s - c) ■= 

i> 9/1 

s.ri i3 = ;;^s/.s(s-«Xs'-/,)(.v-.) = ^f^ 

sin = 

A ~ ihc sin /I - ica sin B = lab sin C 

= v^^>‘(s - a)(s - b)(s-' c)j where 2.s‘ =^a -i-b i- c 


2 sin .1 2 sin B 2 sin C 4J 

r-= = 47<; sin ^.4 sin iB sin iC 

s 

** (.s* “ f?) tan iA *= (.s ~ //) tan iB — (.s - c) tan iC. 
y ^ ^ =47^ sin \A cos Jlicos iC 

= ,s tan 4.1, 

r.. « ^ « 47t cos 4il sin iB cos iG 
s~ b 

= s tan 47?. 

^ *= 47? cos iA cos 47? sin iC 
s — 0 

tan iC, 



INTEllMBDIATE TBIGONOMETEY 

IMPORTANT RESULTS 


1. If + B + C = ilien 

(0 sin A + sin B + sin C 4 cos ii cos iB cos IC. 

(ii) cos A -I- cos B + cos C - 1 ^ 4 sin iil sin iB bin \G, 
(ill) Ian A + tan 7? + tan C ^ tan A tan B tan C. 

(iv) bin 2A 4 sm 2J9 f-sin 26' = 4 sin A sin B sin C. 

(v; cos 2il 4 cos 2J5 \ cos 2C 

“ 4 cos A cos B cos C - 1. 

(vi) cos^il 4 cos‘‘*7i + cos^'^CM 2 (os J tos B cos C= 1. 

(vii) cot B cot C {-(ot C lot J + Lot il col I>- 1. 


f A ,, B .. a 

(vin) sjn ^ + sin + mn 


, B^C C + A . A-^B 

1 + 4 bin . sm ^ sin , * 

4 4 4 


A ^ B ^ 

0 


> + cos + 

12 A 

COS^ 



C + A 


A 

" 1 COS 

4 

cos 

4 

COS 

B , C , 

C A 


,, tan ^ +iau 

^tan 2 

4 tan 


. B , 

tan = L 


(\i) cot + cot 4 cot . “=• cot j. cot cot . 

Ji A A A Z A 

A T A ®in B y. tan B ^ 

2, Jjt^ = 1 , Lt COB 0^1 ,Tjt ^ - 1. 

8. Area of a circle of radius r==^7i/'^. 


Perimeter of a circle of radius r •= 2jin 



PRE-UNIVERSITY 
INTERMEDIATE TRIGONOMETRY 

CHAPTER I 

MEASUREMENT OF ANGLES 

• 

1. Trigonometry, as indicated by its very name, 
originally meant a subject which dealt with the methods 
of measurement of triangles. At present its scope has 
widened, and now it means a subject which deals with the 
‘measurements relating to any angle, not necessarily an angle 
of a triangle. 

2. Angles in Trigonometry. 

In Geometry, angles are supposed to be formed by the 
intersection of two straight lines and are always restricted 
to lie between 0” and 360*, being acute, obtuse or reflex. 
Moreover, they are always positive, negative angles naving 
no meaning. In Trigonometry however, the idea of an angle 
is much more general. 

An angle in Trigonometry is supposed to be formed by 
’the revolution of a straight line which starts from an initial 
position coinciding with one arm, and traces out the angle 
by its revolution about one extremity until it reaches the 
final position coinciding with the other arm. 

For instance, the angle XOP is formed by the/evolution 
of a line which starts from the initial position OX, and 
revolving in the anti-clockwise direction, traces out the 
angle XOP which is acute. The same line again, starting 
frbm QX and revolving in the anti-clockwisa direction may 
make a complete revolution and further move up to the 
iSosition OQ. The angle formed in this case is more than 
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five right angles. Now revolutions may be clockwise or 
anti-clockwise. It is conventional to consider angles formed 
by the knti-clochwue revolution of the revolving line to be 
•positive. Angles formed by clockwise revolutions of the 



revolving line will then be considered negative angles. For 
example, the angle XOR measured in the clockwise direc- 
tion from the initial position OX is a negative angle. 

Thus, angles in Trigonometry may be of any magnitude 
and may be positive as well as negative^ 

OX being the initial position of the revolving line, 
produce XO to JT, and let TOY' be the perpendicular line. 
The whole plane is thus divided into four quadrants, the 
first being XOY, the second YOX\ the third X'OY' and 
the fourth Y' OX, If we contemplate an angle say + 920® 
to be traced out by the revolving line, the line must have 
completed two complete revolutions, thereby describing 
a X 360® •■720®, and have further traced out an angle 200®, 
BO that thfi final position of the revolving line is in the third 
quadrant. Similarly, if we consider an angle - 1354®, the 
final position of the revolving line is in the first quadrant, 
for - 1864® * - 860® x 3 - 274®. 

It should be noted that if two angles differ by complete , 
multiples of 860®, the starting line being the same, the final 
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position of the revolving line ■will be cojoicident for the two 
angles. For example, the angles 255® and - 106® will have 
thcf final positions of the revolving line same, if both start 
from the same initial position, 

8. Units of measurement of angles. 

We should now define the different systems of units 
used for the measurement of angles. In defining a unit 
however, a standard angle, which has no reference to any 
particular system of unit, should form the basis, and such 
a standard angle is a right angl^. A right angle is defined 
in books on Geometry to be an angle which any straight 
line standing on another makes with it, when the two 
adjacent angles formed are equal to one another. A right 
angle is always the same everywhere, and it thus forms 
a suitable basis to start with, in defining the different 
systems of measurement of angles. 

There are three systems of units used in Trigonometry 
for measurement of angles, m., 

(i) Sexagesimal unit. 

<ii) Centesimal unit. 

(ill) Circular unit. 

Sexagesimal* System. In this system, a right angle 
• is divided into 90 equal parts, each being called a degree* 
A degree is again divided into 60 sexagesimal minutes^ and 
each minute is further subdivided into 60 sexagesimal seconds, 
so that 


1 rt. ongleKSO” (degrees) 

1* «B0O' (sexagesimal minutes) 

1' Bsse" (sexagesimal seeonds) 

* 8a called, since the subdivisions are mostly by sixtieth parts. It 
* iff.al^ called the Common or the Enghsh System* 
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Centerimal t System. In tins system, the subdivisions 
of a right angle are as follows : 

1 rt angle » 100^ (grades) 

iS bIOO' (oentesimal minates) 

1' Bsioo'' (centesimal seconds). 

Note. It may be noted tbat 1' (oentesimal minute] is not the same 

as 1' (sexagesimal minute), the former being j^qq^j^qq angle 

and the latter being x 6U ^ right angle, so that the first is ^^th 

pari of the second. Similarly, is less than 1", being only ^Vnth 
part of it 


The connection between the two systems of units may 
be effected through a right angle, remembering tbat 1 right 
angle 90^^ * 100^ so that 9* ==10®. Any angle in the first 
system may be reduced to degrees, and then multiplied by V 
will be reduced to grades. Similarly, an angle in the 
second system may be changed to the first. 

We shall presently deal with the third system, namely 
the circular system. 

4. Theorem. In all circles^ the circumference beare 
a constant ratio to its diameter. 

Take any two circles of any radii, and place them with 
a common centre 0, ** In one, let ABCD... be an inscribed 
regular polygon of n sides. Let A\ B\ C\... be the points of 
intersection of the radii OA, OB,OC,... with the other circle. 
It is easily seen that A'B'C\.. is also a regular polygon of 
n sides, inscrited in the second circle. Now OA OB, as 
also OA'^OB', so that in the triangles OAB, OA'ff^ 

t So called because the subdivisions are by hundredths, ft hi also 
called the Frefieh System, 
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OA :.0-4' « OB : 0B\ and angle 0 is common. The two tri- 
angles are therefore similar. Hence, AB : £B*^ QA : OA! ^ 

Thus, 

perimeter of polygon ABCD, ., ^ n,AB ^ OA ^ 
perimeter of polygon id'B'C'l)'... n.A!B' OA' 


K 



This being true, whatever the number of sides n may be, 
making n infinitely large, the perimeters of the polygons can 
be made practically coincident with the circumferences of 
the corresponding circles, and thus we deduce that 

circumference of the circle ABCD.,, ^ OA ^ 
circumference of the circle A'B'C'D'*>*^ OA' 

radius of circle ABO.-. , ' 
radius of circle A'^C\.. 

Thus circumference of any circle : its radius is .the same 
for all circles. As diameter is twice the radius, we deduce 
that the circumference of any circle bears a constant ratio 
to its ^iameter. 

This constant ratio is denoted by the Greek letter Its 
actual value has been determined by methods which are out- 
aide the scope of the present book, by some matbematicians 
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to more than 500 places of decimals. An approximate value 
commonly used is V* A more accurate value is Iff 

Expressed in decimal, the value is nearly 3*14159... 

Hence, if r be the radius of a circle, d its diameter, 
the circumference »iir d a 2irT. 

whore «•= 8 * 14159 ... *» V roughly. 


6. Circular Unit or idadian Measure. 


In any circle, if we take an arc whose length is equal to 
the radius of the circle, the angle which this arc subtends 
at the centre is called a radian, and is written as 1®. 


We shall now show that with reference to whichever 
circle it may be defined, a radian is a constant angle, and 
hence it may be used as a suitable unit for measurement of 
angles, which is known as the circular unit. 




eorem I. 


A radian is a constant angle. 



Let AB be an arc of any circle with centre 0 * whose 
length is equal to its radius OA. By definition, 

1 radian. Since angles at the centre of a circle are propbt** 
^ional to the arcs which snbtend them, and the whole angle 
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rotind 0 subtended by the complete circumference being 
known from Geometry to be 4 right angles, we get^ 

L AOB ^ &rc AB ^ rad ius 

4 right angles whole circumference circumference 

. 1 radian r 1 v . .i 

>1 1 . /«“n being the radius. 

4 rt. Z. 27tr 

2 

Hence, 1 radian *■ rt. angle. 

n 

a radian is a constant angle. ( n being constant ) 

Note. We thus see that \vhatever bo the radius of the circle with 
reference to which a radian is defined, its magnitude is the same. 

From above, v padiaiii»180®. 

/, 1 radian«^®^eg.J®^gQ=67’5i9677 degrees 

«57®17'44-8" nearly. 

1 degrees *0174538 radians nearly. 

In higher mathematics so far as theoretical investiga- 
tions are concerned, as a matter ol convenience, angles are 
usually measured in the circular unit, e.€., in radians. In 
this connection we may state the following theorem : 

Theorem IL The measure of any anqle in radians is 
expressed by the ratio of the arc of any circle subtending that^ 
angle at its centre, to the radius. 

Let XOP be any angle. 

With centre 0 and any radius OA draw a circle, and let 
AQ be the arc which subtends the angle XOP at the centre 
0. Let AB be the arc whose length is equal to the radius 
ZO.^BO that, by definition, A.A0B \% one radian. 

Now from Geometry, angles at the centre of a circle are 
proportional to the arcs which subtend them. 
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Hence, 

or. 


i.e.y 


/,XOP^ arc AQ ^ arc AQ ^ 
Z.AOB , arc AB radius OA 
Z.XOP ^ arc AQ ^ 

1 radian radius OA 

AXOP “ A ®» radian, 

rad ms OA 



Thus, if 6 be the radian-measure of the AXOP^ s be the 
length of the arc AQt and r the radius of the circle, then 

G* - or, s-rG. 
r 

Note. In higher mathematios, when an angle is expressed in 
radian measure^ the unit is generally implied and not expressed, 
BO that, when the measure of an angle is given without the unit being 
mentioued, we should always understand it to be in radians. Bor 
»* r 

ozamplo, 'an angle is ^ means that the angle is ^ radians, which oon* 
verted to degrees is 90* i,e., one right angle. 


In working out examples, relations between the 
three systems of units should be carefully remembered, 
namely 


1 rt.Z. “90" 

ifltenoe. 


* 100* •• ^ radians^ 
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•Ex. 1. Express 

(i) 63° 22' 40*8" in centesimal measure 
and (ii) 203® 58' 73" in radians. 

Here (i) 63^ 22' 40*8''«63J«§ de?;. *= x rt,Z 

■^SS'^ X X 100 grades “ grades 
= 70® 42'. 

(ii) 203® 58' 73" = 203*6873 grades 

■“2*036873 rt.Z =2*035873 x ^radians 
= 1*0179365 n radians. 

Ex. 2. Two angles of a triangle are 72“ 63' 61", and 

41® 22' 50" respectively. Find the third angle in radians. 

41® 22' 50" = 41*2250 grades 

41 225 X 9 j r qo iAo 1 
= 10 degrees [9 = 10® J 

= 37*1025 degrees 
= 37“ 6' 9". 

The sum of the two given angles is therefore 
72“ 53' 61" + 37“ 6' 9" = 110“. 

The sum of the three angles of a triangle being 180“, the 
third angle is 

180* - 110* = 70’ = 70* X ^^^radians [ b* = 180* 1 
» radians. 

Ex. 8. Divide ^ radians into two parts such that the 

number fif sexagesimal minutes in one may he to the number 
of*cente$1mal seconds in the other part as 27 ; 2500. 

We have ^ radians* ^ x ® rt. Z rfc. Z. 
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Let jTftbd the number of centesimal seconds in the second 
part, so that is the number of sexagesimal minutes 

m the first part. 


Now X 
ji 27 / 


1000000 
whence x 


X 


rt. 


100 X 100 X 100 

27® 

2600 X 60 X 90 

500000 2 
600000 
3 


rt. Z 

z 


600000 


rt. Z 


Thus,' second part is 


600000” 


600000 


jy , / 

1 r\f\ * ^ 


3 3x 100x100x 100 
“= i rt. Z = 16*, and as the sum of the two parts is 
i rt.Z 45*, the first part is 30*. 

The two parts are therefore 30* and 15*. 


Ex. 4. The angles of a quadrilateral are in and 
the number of grades in the least angle is to the number of 
radians in the greatest as 100 : n. Find the angles in 
degrees. 

Let the angles, expressed in degrees, be a, a + p, a + 2/5 
and a + 8/3 respectively. Then 

a + a + p + a + 2/3 + a + 3/5*360, (l) 

Le., * 2a + 3/5 = 180. 

Again the least angle, a* = 'Va® 

and the greatest angle (a + 3/5)* * (a + 8/3) 

and so from the given condition, 

^|a/(o + 3/i) j”Q-100/«. 

* 1. whence a » 3/J. 

a T" Op 
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. using (l), 3o = 180, or, a = 60 and |5 = | - 20, 

Thus the angles are 

60^ 80". 100" and 120". 

Ex. 5. At what distance does a man, 5i ft, in height^ 
subtend an angle of 15" ? 



AB being the man subtending an angle 15" at 0, let OA 
be r it. 


As the angle AOB is very small, so that AB is very 
small compared to AO, we may assume the small length AB 
to be practically a small arc of a circle whose centre is 0. 
Now the measure of an angle in radians is the ratio of the 
arc which subtends it at the centre to the radius. 


* X ” 

• • 60 X 60 180 r 

11 „ 180x60x60 .. 

n 180 X 60 X 60 X 7 
“2 15 X 22 


'.3 X I 76 O 


’“14*32 miles nearly. 


Examples I 

1. Indicate the final position of a revolving line which 
has ^traced out the angle 

(i)ll22*; (ii) -810*29'; 

(iii) - 617* 61' 5* ; (iv) radians. 
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2, Bxppess (i) 55^ 12' 36" in centesimal measure ; 

(ii) 196^ 35' 24" in degrees, minutes, and secs. 

S. How many radians are there in (i) 60^ 75' 50" ; 
(ii) 18" 33' 45" ? 


4. Express in each system of angular measurement 
the angle between the minute-hand and the hour-hand of 
a clock at quarter to twelve. 

6. If be taken as the unit angle, and the angles^ 
600* and 16® expressed in that unit be a and jS respectively, 
find the relation between a and p, 

6* The difference of two angles is 1* ; the circular 
measure of their sum is 1 ; find the circular measure of the 
smaller angle. 

7. Two angles are in the ratio 2 : 3, and the difference 
of their measure in grades and in degrees respectively is 
23r ; find the angles in degrees. 

8. An angle is the excess of JD* M' over G® m\ Find 
the ratio of this angle to a right angle. 


9« The circular measure of a certain angle is equal 
to the ratio of the number of degrees in it to the number 
of centesimal minutes ; find the magnitude of the angle 
in degrees. 


10. With two units of angular measurement differing 
by 10*, the measure of an angle are as 3:2; determine 
the units. 


11* If an angle standing upon an arc of lefigth at the 
centre of a circle of radius V* be taken as unit, and three 
angles Z>*, and 0 circular units expressed in that unit 
be a;, 1^, 0 respectively, show that 


flcty ;0 


Pa ^ 

18 * 20 ' 


100 . 
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12. Three angles are in G.P. The number of grades 
in the greatest angle is to the number of circular units in 
the least as 800 to n, and the sum of the three angles is 
126®. Find the angles in grades. 

.^3. Divide 64® in three parts, such that the circular 
'measure of the first exceeds that of the second by and 
the sum of the second and third is 30 grades. 

14. Find at what times between 7 and 8 o’clock the 
angle between the two hands o1 a clock is (1) GO*', (ii) 165®. 

15. The angles of a triangle are in A.P,, and the number 
of radians in the greatest is to the number of grades in the 
least as n : 40. Find the angles in degrees. 

16. In each of two triangles the angles are in 6.P. ; 
the least angle of one of them is three times the least angle 
in the other, and the sum of the greatest angles is 240®. 
Find the circular measure of the angles. 

17. One angle of a quadrilateral is f of another and the 
two other angles are 66f grades and “ radians. Express 
the angles in degrees. 

18. The angles of a polygon (which has no reflex angle) 
^ are in A. P. The least angle is radians and the common 

difference is 6®, Find the number of sides. 

104 The number of sides of two regular polygons are as 
m : n, and the number of degrees in an angle of the first is 
to the number of grades in an angle of the second as p : q. 
Determine the number of sides in each polygon. 

20* An arc of 60^ in one circle equals one of 60® in 
anotfipr ; find the radian-measure of an angle subtended at 
the centre of the first circle by an arc equal to the rardius of 
the second. 
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21* Two regular figures are such that the number of 
degrees in an angle of one is to the number of degrees in 
an angle of the other as the number of sides in the firsts 
is' to the number of sides in the second. The sum of the 
number of sides of the two figures being 9, determine the 
number of sides of each. 

22. The wheel of a railway carriage is 4 ft. in diameter 
and makes 6 revolutions in a second ; how fast is the train 
going ? 

23. The earth revolves round the sun in a circular orbit 
of radius 92700000 miles once a year. Find its velocity in 
miles per hour. If the apparent angular diameter of the 
sun observed from the earth be 32^ find also the linear 
radius of the sun. 

24. A tower subtends an angle of 10' when the observer 
is at a distance of 6 miles ; find its height. 

25. Find the radius of the earth, if an angle of is 
subtended at its centre by an arc joining two places on it 
distant 69*1 miles. 

26. A horse is tied to a post by a rope 27 feet long. 
If the horse moves along the circumference of a circle 
always keeping the rope tight, find bow far the horse will 
have gone when the rope has traced out an angle of 70^. 
( ) 

27. A man running along a circular track at the rate 
of 10 miles per hour, traverses in 36 seconds, an arc which 
subtends 66* at the centre. Find the diameter of the 
circle. 

28. An arc of 80 in one circle is double au arc in 
a sC'cond circle the radius of which is three times the radius 
of the first. Show that the arc of the second circle subtends 
6* at its centre. 



OHAPTEB n 

TRIGONOMETRICAL RATIOS 
7. Trigonometrical ratioa defined. 




Fig. 2 


Let 6 be the measure of an angle XOP which may be 
supposed to be traced out by a revolving line starting from 
the initial position OX. Prom any point P on its other 
arm, draw a perpendicular PN on OX (produced if necessary, 
as in the second figure). A right-angled triangle is thereby 
formed. The trigonometrical ratios of the angle 0 are 
defined as follows ; — 


Sine' of the angle 0, written as «in 6 


PN 

OP 


I side ^ 

‘ '' hypotenuse 


Cosine of a, written as cos 6 


ON 

OP 


adjacmt side 
hypotemse 
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Tangent of 6| written as tan B 


PN 

ON 


. ojp^o&ite 
adjacent side 


Goseoant of 0, written as cosec 6 


OP 

PN 


i,e.t 


hypotenuse 
opposite side 


Secant of 0, written as kec 

hypotenuse 
adjacent side 

ON 

Cotangent of 0, written *as cotG“p^ 

adjacent side 
t,e., j 

opposite side 


In addition to these, we define two less important ratios 
of the angle B which are sometimes used, as following : — 

Versed sine of angle 6, written as vers O* 1 - cos B 

Coversed sine of angle B, written as covers 6 — 1 - sin G 


8, Signs of Trigonometrical ratios. 

XOP being any angle, traced out by a revolving line 
which starts from OX,<i]t has already been mentioned in the 
last Chapter that the plane may be divided into four quad* 
rants by the two perpendicular lines XOX' and YOY\ 

It IS conventional, as in graphs, to consider distances 
measured along OX and OT as positive, and along OX" and 
OY^ as negative* The distance measured along OP^ the 
final position^ of the revolving line corresponding to the 
angle XOJP, in whichever quadrant it may lie, is however 
always considered positive. 



TBIGONOMBTBlOAli BATIOS 


17 


With this conTenfcion, if OP lies id the first quadrant 
as in Fig. (i) of the last article, the sides PN^ ON and OF 
of the right-angled triangle OPN are all positive* Hence 
all the trigonometrical ratios are positive. If OP lies in the 
third quadrant as in Fig. (ii), ON and PN are both negative, 
but OP is positive. Hence, from the definition of the Tri- 


( PN\ 

- Qp I is negative, cos XOP 

(-g?) 


is positive etc. 


In this way, according to the final position of the 
revolving line (starting position being OX), we can determine 
the signs of the Trigonometrical ratios of the angle XOP 
whether this angle traced out is positive or negative. If 
is in the fir$t quadrant, the ratios are all positive. If 
OP falls in the second quadrant, sine and cosecant (which is 
evidently the reciprocal of sine), are positive ; all the other 
ratios are negative. If OP be in the third quadrant, tangent 
and cotangent (which are reciprocals to each other) are posi- 
tive ; all the others are negative. In th.B fourth quMrant, 
cosine and secant are positive, others are negative. A sym- 
bolical figure will help the memory in this case, namely 
that according to the position of OP, 


Y 


sin 

all 


{positive) 

m 

X' 0 

X 

tan 

eos 

{posvtwe) 

{positi/o^ 

Y' 



. The positiveness of sine, cosine and tangent also implies 
the positiveness of their reciprocals namely, cosecant, secant 
and cotangent respectively. 
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9* Constancy of Trigonometrical ratios. 

So long as an angle remains the same, its Trigonomctri- 
^ oal ratios are unique. 



Let XOP («e) be any angle, and let FN and P' N' be 
drawn perpendiculars upon OX from any two points 
P and P' on OP. The two right-angled triangles OPN 
and OP*N' are similar. Hence, sin 0, whether we take ifc 
PN P'N' 

OP 0^ same. If the angle be XOPx% 

when OPx is not in the first quadrant, the right-angled 
triangles P^N^O and P\N*xO are not only similar but 
also have );heir corresponding sides of the same sign. Hence, 
the Trigonometrical ratios of the angle XOP^, whether 
defin<^-?j^m the triangle PiXiO or from P\N\0 are the- 
‘ l ia-m well as in sign. Thus for any givdh 

a^e, the Trigonometrical ratios are unique. 
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Note. In oMe o{ a potitwe acute angle like XOP, wa mi^t take 
ipoint Q on OX as yell, and draw QM perpendicular ppon OF, 

and define sin ZOP to be W ooa ZOP to be 

hypotenuse ’ OQ 

03f 

Q'g etc. Now the two triangles QOM and PON are easily Been 

to he similar and both have their sides all positive; so that 

Q]irFN OM ON . „ XI. m-. X . , XI * xt. 

OQ bp' Oq'^ OP the Trigonometrioal ratios of me 

angle XOP, even if defined from triangle QOM^ will have the same 
values. 


It may also be noted that for angles of any magnitude, posOwe or 
negatire^ any of the tT^o arms may be supposed to be coincident with 
OX, and then the magnitude and sign of the angle will fix up the 
position of the other arm, and thereby will make the Trigonometrioal 
ratios unique. 

10. Fundameutal relations between the Trigono- 
metrical ratios of any angle. 


From the very definitions given in Art. 7 of the Tri- 
gonometrical ratios of any angle XOP (•=6) of whatever 
magnitude and sign, we at once derive the follewiDg 
relations : 


cosec 6 


1 

sin 6 


sec ©•■ 


1 

cos Q 


cot 0 


1 

tan Q 


PN 


ON 


and since sin 6 - cos 0 ■■ tan B ■■ 




we get 


tan 6 


sin e 
cos d 


cot 6 


cose 
sin e 



20 


INTBBHBDUTB TBIGOHOHBTBT 


Again, since in the right-angled triangle OPN, 
dividing by OP*, OJV* and PN^ respectively, we get 



From the definition of the Trigonometrial ratios, 
(0 gives 

(sin 6)® + (cos O)* “ 1. 

Now it is usual to write (sin ©)* in the form sin*d and 
BO for other ratios. The relation then reduces to the form 

Bin®d+co8*6-'l. 

Similarly, (ii) and (iii) give respectively, 

sec®0"»l+tan®d 

0O8ec®d «• 1 + cot*©. 

These formulas are also used in the forms 
sin*(? == 1 - cos®5, coB^d = 1 - Bin®0, 
seo*6 - tan*0 = 1, tan*® = sec*® - 1, etc. 

Note. The fandamental formulae derived in this artiole are very 
Important, and are true for all values of 9 whatever its magnitude and 

0 

sign may be. For example, if we take ^ in plaoe of ®, we are simply 
taking a difierent angle for whioh the same relations are true, so that 
sin* I +008* 2 - 1 , eto. 

11, Conversions of Trigonometrieal ratios. 

With the help of the formulas of the previous article, we 
can express any Trigonometrical ratio of an angle in terms 
of any other ratio for the same angle ; hence if the value pf 
any Drigonometrioal ratio of an angle be given, we can find 
the tsJlne of any other ratio. 
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px.l. Express sin 6 in terms of cot B, 

From the formulaa coseo 0 * -z 

Bin 0 

and cos 0 c ®0 = l + cot*0, 

we get sin0 = — 

coseo 0 ± vl + cot*0 

Ex, 2. Express cosec 0 in terfns of sec 0. 


cosec 0 - ± Jl-r cot*0- ± + — Vz 

^ tan 0 

= + A an^0 + 1„ ^ j 860*0 
^ tan*0 ^ I 


^ ±860 0^^^ 

Beo* 0 ~l A/Bec *0 — i 


Ex. 3, If cos A T¥i -4. 


We have tan A 


sin il ± Jl- 008*4 


cos A cos A 

il H 


’12 


A more practical method in such cases is Im^wever 
to construct a right-angled triangle with the numerator and 
denominator as the two suitable sides, as shown below. 


Ex. 4, If sec A * V“. cot A. 

Let APN be a triangle right-angled at N 
in which the hypotenuse 4P*41, 

4.1» J. HI A Ti 

BO that sec NAP^ . xt* o * 

AN 9 

Thus LNAP-^A. 

Now PjV* - 4P* - 4N* * 41* - 9* 

-40*. ^ 

496 that PN*±40. 

AN ^9 

PN ®40 



cot 4 “ cot NAP 


AON 
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12, Reatrictiong on the magnitudes of Trigonometri- 
cal ratV>a* 

Frbm the relation 010*6 + 008 ®®=*!, since sin*® and 
c60*® being square quantities are both positive, it is evident 
that neither sin*® nor cos*® can exceed 1, for if sin*®, for 
example, be greater than 1, cos*® (which is a square quan- 
tity) becomes negative, which is impossible. Thus sin 9 
as well as 00 s ® must have numerical values not exceeding 1 ; 
in other words, both sin ® and cos ® must lie between + 1 
and - 1 whatever the magnitude of ® may be. Any value 
numerically greater than*!, like -2 or +3*1 must be 
impossible for sin ® or cos ® so long ® is real. 

sec 6 and cosec 6 therefore, being reciprocals of cos ® and 
sin ® respectively, can never be nwnerically less than 1. 

tan 6 and cot ® however, can have any numerical value 
greater than 1 or less than 1 according to the value of ®. 


13. A few examples on the applications of the funda- 
mental formulas are given below. 

Ex. !• Prove that ® a. cosec B + cot ®. 

^ l-cos® 

[ C. U. 1937 ] 

/l + co s ® ^ 

^ T-oos® ^ 1-cos*® V sin^® 


1 + COS ® 
sin ® 


1 ^ cos ® 

sin ® sin ® 


cosec ® + cot ®. 


Ex. 2. Prove that 

1 1 1 

sec A + tan A cos A cos A sec A- tan A 

We have . ^ a i 

sec A + tan A sec A - tan A 

^ sec il - tan i ! + s ec A + tan 4 ^ _ 2 se c A 

(sec A + tan 4)(8ec A - tan 1) sec* 4 ^ tan^.4 

1 . 

cos A cos A cos A 


2 sec A 
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as 


^Hence, by transposition, 

1 1 

sec A + cos A cos A cos A sec A - tan A 

„ o « ^ 1 + 2 5t» S oos 0 

Ex. 3. Prove that / — ^ ^ ; " m 

(stn 0 + cos B)(cot 0 + tan 0) 

« sin 6 cos 6 {sin B + cos O), 

1 + 2 sin 0 cos B 
(sin B + cos 0)(cot B + tan 0) 

(sin^O + coa^0) 4- 2 sin 0 cos 0 


We have 


A 

(8m0 + co8 0)l .“ .+ *1 

xsm 0 cos 0/ 

(ain0 + co8 0)” 

TT A . M/cos^0 + Bin*0\ 

(sm 0 + COS0) . - - I 

\ sin 0 cos 0 / 

^ (sin_0_+ co^ 0) ^ 0_oos 0 
" ‘ 1 " 

*= sin 0 cos 0 (sin 0 + cos 0). 


Ex. 4. If 15 sin^B + 2 cos 0 = 7, find tan B, 

Here 15(1 - cos*0) + 2 cos 0 = 7, 

whence 16 cos^0 - 2 cos 0-8-0, 

or, (6 COB 0 - 4)(3 cos 0 + 2) * 0 ; . cos 0 ■■ t, or, - i. 

Case (i) when cos 0-1, 

sm®0*l-cos*0*=l-4f “irV 8 m 0 *±|, 

, , . sin 0 3 

and so tan 0 =* — r * + j • 
cos 0 4 

Case (ii) when cos 0 - f , 

Bin®d«l-“cos*0« 1-1-1. sin0=“±^* 

?JPJ? 4- 

COB 0 ** * 2 


/• tan 0 
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Example* II 

Prove the following identities {Ex. 1 to $4) 

'C sia A + cos A . ^ /v js 

i^-^ + ooa^ 


2s. cot B + tan 6 « sec B cosec B. 

8 1 cot 4 _ ^ 

1 + tan A 1 + cot A 

Jko cosec^^ — cot®il *1 + 3 cosec*^ cot®4. 
5. cOB®il + sin®^ “ 1 S ain^A coa^A^ 


®e 2 ** ”" i) J 

coB^4 cosec^4~l 
7e COS A + tan A sin A — sec A. 

8# 860*4 + tan*4 ■“1+2 8ec*4 tan*4. 


1 + 3 COS 3 — 4“ co8®3 


1 — cos B 


lOe (cot B + Goseo 3)* “ 


'(1 + 2 COS 3)®. 


1 + cos 3^ 
1 - COS 3 


1 + tan ”3^ / I - tan 3 \* 

1 + oot*3 vl — cot 3/ 

tan^g — cot^ ^ sin^ a — cos* a 
l + oot*a cos®a 


1 + tan 3 + sec 3 — 


1 + cot 3 — cosec 3 


*4 B tan ? 3 — 1^1 + sin 3 

tan3-seo3 + l“ cos 3 


sin 4 “2 sin^4 
3 cos 4 * cos 4 


= tan 4« 




- sin 9 
+ Bm»‘ 



TBIGK>NOUB!l!BIOAL BAUDS 


25 


coa eo A + cot A _ ain*A 
coseo^ -ootil (l - cos A)* 

18. (1 + sin 4 + cos A)* = 2{l + sin j 1)(1 + cos A). 


19^ - s ec 0 + tan 0 sec tan B 

cosec 6 + cot 0 cosec B - cot B 


2 (sec d — coseo 6). 


20. -.-r-r"a^+ - a.-l. 

l + sm 0 1 + cosec d 

Bin®a + cos®a , Bin®a-c#s®a ^ 

21 . — . — 7 + . » 2 , 

Bin a + cos a Bin a - cos a 


22 . 


t an B 
sec 0 - 1 


sin B 
1 + cos 6 


2 cot 0. 


^ 23 e . 

sin0“sm<<> cos<<>--co8d 

24. 1 + 4 coBeo®6 oot®0 =* (coseo^d + cot®6)*. 

25. Express 1 - 2 sin 9 cos 9 as a perfect square. 

26. Express 2 Bec®9 - 8ec*9 - 2 coBec*9 + cosec^O in 

terms of tan B, ^ 


27. Prove that 

(sin a cos P + cos a sin i5)(sin a cos j8 - cos a sin P) 

= 8m®a-Bin®^. 

28. If sin A + sin®i4 ®= 1, then cos* 4 + cos*4 1. 

20. (i) If sin 9 - cos 9 » 0, prova that sec 9 ± Ji, 

(ii) If 7 flin*9 + 3 cob*9* 4, show that tan 9 ** 

(iii) If 3 sin 0 + 4 cos 0*5, show that sin 0*{. 

«**■ 1 

00,^ It tan 0 + sec 0 ■= *, show that sin 0 * 

• 1 . 
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82. If 1 + 4®* • 4® sec prove that 
' sec il + tan il * 2® or 1/2®. 

88. Express sin a in terms of seo a, and seo 6 in terms of 
oot 9. 

84. Given sin 9 * y , cos ^ i|, where 9 and <l> are acnte 

angles, find the value of 

uuu uuo viwuo + tan 9 tan 4> 


M. 


86 . 


87. 


If cos a + sin a* J% cos a, prove that 
cos -a - sin a = /s/2 sin a. 


If tan il 


1 - , cosec ®i4 - sec* il 

Jo* ^ A ^ A* 

/s/3 cosec A + sec ii 


If 1 + sin‘^ 3 sin A cos A, find tan A. 


If tan 6 + sin 9 * w, tan 9 - sin 9 = n, prove that 
m® -* n® =* 4 Jmn* 

^ an. If (a* - 6*) sin 9 + 2a5 cos 9 = a® + i® , find tan 9 and 
ooseo 9. 

JA -r. 1. A Sin a — COS a ,, , 

40. If tan 9 = -T"- • prove that 

sm a + cos a 

cos 9 — sin a + cos a. 

41. Given tan®9 =* 1 - c®, show that 

sec 9 + tan®9 coseo 9 = (2-6*)^. 

42. If ® and y are two unequal real quantities, show that 

f® ^ T/)® 1 

the equations (i) sin®9 « — z and (ii) cos 9*®+’- are 

a®i^ X 

both impossible. 

48. Eliminate 9 between 

(i) ®»a 008 9, V”^b sin 9, 

(ii) ®“c (seo 9 + tan 9), (seo 9-tah 9), 

(iii) a cos 9 + b sin 9 + c«* 0, a' cos 9 + 6' sin 9 + c'*0. 

(iv) i»tan*9 + 6tan 9 + c*“a' oot*9+6' cot + 
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Examples 11(A) 

Prove the following identities {Ex* 1 to 18) : — 

^ tan^g ^ co t^a ^ 1-2 sin^a cos^a. 

1 + tana l + cot*a sin o cos a 
2. (tan 0 + cot 0 + sec ^)(tan 0 + cot 0 - see 0) cosec*^. 
•3. sin a (l + tan 0) + cos 0 (l + cot 0) « sec 0 + ooseo 0. 

[ G* U. 1936 ] 

4. (1 + sin g - cos g)® + (l - sin g + cos a)® 

= 4(l - sin g cos g). 

5. sin®g + sin^g cos®g — 8m®g cos^g - cos®g 

“Sin®a- cos®g. 


3. 

7. 


3 (sin 0 + cos 0) “ 2 (sin®0 + c08®6) * (sin 0 + cos 0)*. 

L_«_i 1 

coseo 0 - cot 0 sin 0 sin 0 cosec 0 + cot 0 


8 . 

«. 

10 . 

11 . 


co s X ^ cos y ^ \ V * 

Bina; + cosv siny — cos® sin® — cosy sin y + cos® 

(sin 0 + cosec 0)® + (cos 0 + sec 0)® « tan®0 +1bet®0 + 7. 

(sec 0 - cos 0)(cosec 0 - sin 0)(tan 0 + cot 0) * 1. 

1 + (coseo ® tan y) ® ^ 1 + (cot ® s in y)® . 

1 + (coseo z tan y)® 1 + (cot z sin y)® 


12. Beo®g oosec®g - 3 sec a cosec a * tan®g + cot®g, 

18. sin® A - cos® A » (sin A + cos^ A)(sin A - cos A) 

X (l + sin A cos A){l - sin A cos A). 

- - tan g , cot g 

”• /TTL'I !t TS 7TT Za~\2 *" SID O COS g. 

(l + tan*a)* (l + cot*g)* 

15, Bin®0 tan 0 - co3*0 cot 0 + sec 0 cosec 0*2 tan 0. 


16. 


cos®-4-sin®4 


• sin A cob^A - cos A sin® A 


•» coseo A + sec A. 


^7 tan® A cot® A ^ sin® A cos®i l^ 
tan®4-oot®A sin® A - co^A 



2B 


INTBBMBDUTB TBIOONOMBTBT 


18. (sin a COB jS - cos a sin p)^ 

+ (cos a cos i5 4- sin o sin p)^ 1. 

18. If cos*il - sin*il = tan*B, 

then coa®B - sin*B = tan*il. 


20. If sin^cc + sin*® * 1, then tan*® - tan*® = 1. 

21. Show that the difference between 3 Bin*6-2 sin*® 
and 2 cob* 9 S cos*d is fche same for all values of B, 

•• T£ 1 + sin 0 t \i. . 1 1 - sin 0 

22. If ®— show that ■= *-• 

cos B X cos B 

23. If tan* 2 l « 1 + 2 tah*B, show that co8®B =* 2 cos*il. 

24. If sin a 4- cos a =* 1, then sin a - cos o = ± 1. 


25. If a COB 0 - 6 sin 0 = c, then show that 

a sin 0 + 6 cos 0“* ± ^/a* + 6*-c*. 

26. If (l + sin ®)(l + sin y)(l + sin z) 

= (1 - sin ®)(l - sin y)(l -* sin z), 
prove that each is equal to ± cos ® cos y cos z, 

27. If ® 8in*a + y coB*a = sin a cos a, and 

® sin a -- y cos a - 0, then ®* + j/* =» 1, [ 0. U. 1937 ] 


28. If sin A 


sm , 

1 + sih X sin y 


show that 


cos i ± 


cos ® cos y 
1 + Bin ® sin y 


29. (i) If sin a + cosec a « 2, 

then sin% + coseo’^a “ 2. 

(ii) If sec a » sec p sec V + tan P tan y, 

then sec j? « sec y sec o ± tan y tan a. 


30. If 


cos*® y sin*® 
oo8*p 8m*v 


1» then 


co8*p ^ flin*y 
cos*® sin*® 


1 . 
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TRIGONOMETRICAL RATIOS OF SOME 
STANDARD ANGLES 

14. Ratios of SO"". 



Let the angle XOP, which may be supposed to be traced 
out by a revolving line starting from OX, be 30**. Let PN 
be drawn perpendicular upon OX from any point P on OP. 
The angle OPN is then 60". 

Produce PN to Q, making NQ = NP, Join OQ, The 
triangles PON and QON are easily seen to be equal in all 
respects, and so Z.OQN- /^OPN = 60^. Hence, the triangle 
OP© is equilateral, and so OP ® PQ ~ double of PJV. 

Hence, in the above figure if PN-a^ then OP “2a and 
so ON= Jsa. The sides ON 

PN, and OP are all positive in this case, since the angle 
is acute. 


Hence, 

sin 30” = 

eos 80” 


sin PON •" 


PN ± 
OP “2a 


ON JBa Ji 
op" 2a " 2 


1 

2 
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PN 1 

0?f"78 


cot SO” 


ON 

P^f 


78 


coticSCi*- '■ ■ ■■■ ~ 2 

sia 30 

gee 80’ “ ■" 

cos 30 ija 

15. Ratios of 46’. 



Let ZXOP = 45’. PN is perpendicular on OX. In the 
right-angled triangle PON, APON’^i.b”. 

Therefore, Z.OPN is also 45’ and so ON^ PN’^o 
aappose. Then OP « JON^ +Pn* *“ n/o®T^* - a 


Henoe, 

sin 45’ 
eos45’ 


PN 1 
OP~1Jl 

ON 1 

op'Ts 


tan 45* 


PN 

on” 


1 


see 46**»ooBeo 45*“ ij% oot 46**1. 
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16. Ratios of 60\ 



Let Z-X‘OP = 60”. Now PN being perpendicular upou 
OX, along NX cut off NQ = ON, Join PQ, Then the two 
triangles OPN and QPN are easily seen to be7congruent. 
Hence, APQN=^ A.PON~GQt*. Thus the triangle POQ is 
equilateral, and so OP = 0Q = double of ON. 

If ON=a, then 0P = 2a and hence PJY" JOP^-ON^ 
-a J3, 

PN ^ 

■ OP“ 2 
ON 1 
‘0P“ 2 

ON 


Then 


sin 60° 


cos 60’’- 


tan 60° 


cot 60° 


‘ 73 ’ 


» sec 60"* = 2, cosec 60® * 


Note. It may be noted from tho values of the ratios that 
■in 60* ■■cos 30", cos 60" = sin 30®, tan 60** « cot 30®, cot 60® “tan 30®, 
Beo 60 ®B 008 eo 30®, coseo 60®saBeo 80®. It will be proved more generally, 
in the next chapter, that for any two complementary angles sine of one 
is the cosine of the other and vice versa^ tangent of one is the co- 
tangent of the ofdier, and secant of one is the cosecant of the other. 
The i^gle 45® being its own complement, therefore, it should have 
its sine and cosine equal to one another, as is actually seen to be 
the case. 
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17* Ratios of 90^ 

Lefc ^OP be an acute angle very nearly 90*. PN b^g 
perpendicular upon OX, ON is extreme- 
ly small, and as L.XOP approaches 
more and more to 90*. ON becomes 
smaller and smaller. The length OP 
may however remain finite, and PN and 
OP will approach each other more and 
more closely. Ultimately when LXOP 
becomes 90*, OP and PN coincide, and 
- ON becomes zero ultimately. Hence 
^ the ratio PNjOP becomes 1 and 
ONlOP becomes zero, 

PN 

Thus sin 90 - in the limit * 1 
cos 90* •“ in the limit = 0 
tan 90* - in the limit * « * (infinity) 



( since ON 0, whereas PN remains finite ) 
cos 90* 0 ^ 

sm 90 1 

cosec 90* * 1, sec 90* » OP ION in the limit • «» ^ 


* The eymbol oo is used^ to denote a quantity whioh ezoeeda any 
positive number, however large, and does not represent a definite 
number. 

It should «be noted that in determining tan 90*, we may start with 
an angle XOP, slightly greater than 90*, in the second quadrant), 
and make it approach 90*. Then ON will be negative and-*»0, 
whereas PN is positive. Accordingly we may also write tan 90* » - oo. 
Thus striotly speaking, we should write tan 00 *b db Similar remarks * 
Apply to see 90*, oot 0*, ooiseo 0*. 
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Let Z^XOP be an infinitely small positive angle, and let 
PN be perpendicular on OX, 

Then, PN is infinitely small^ whereas OP is finite. Now 
if Z.XOP be taken less and less and ultimately becomes 
less than any quantity we can assign, we denote it by zero, 
and in this case PN practically vanishes, whereas OP and 
ON remaining finite, coincide. Hence, the ratio PN/OP 
becomes ultimately zero, and ONI OP becomes 1. 

o PN 

Hence, sin 0 « in the limit “ 0 
cos 0* “ ^p in the limit = 1 


tan 0® 


sin 0* 0 _A 

f\0 ^ V 

cos 0 1 


cot 0** 
cosec 0^ 
sec 0® 


ON 

PN 

OP 

PN 

_ 1 
cos 


in the limit 
in the limit 



SB QO 


♦ 


♦ 


Note, Note that 0” and 90^ being complenientary, 

Bin 0"»cos 90“«0, cos 0®*flin 90“—l, eto. 

19 . As the ratios of the standard angles 0®, 30*, 45®, 60* 
and 90* are very often used, they should bo remembered very 


* See foot note of Art. 17. 


8 
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carefully. The first three ratios are given m the tabulated 
form belov^. The other three are reciprocals to these. * 


angle 

sin^ ) 

cosine \ 

taij^gent 

0* or 0* 

0 

1 

0 

30- or” 

1 

2 

73 

2 

1 

73 

45*orJ 

1 

72 

1 

tj2 

1 

60* or 1 

2 

1 

2 


90* or 2 

1 

0 

^ oo 


Note. The following devioe xnaj bo of use in remembering the 
sines and cost7ie8 of standard angles. The sines of the angles O'*, 80% 
45®, 60®, 90® are respectively the square roots of the fractions 

1 1 1 1 . i 

ftnd cosines of these are the square roots from right to left. 

20* Examples worked out. 

Ex. 1. 1/ 0 * 30®, ven/i/ that cos 29 

1 -r tan a 

Here, cos 26 ” cos 60° = ^ • Also tan 6 * tan 80* “ ^ 

. l-tan*6_,l-J^ 1, 

•' l+tan*e 1 + * 2 

_ n- l“tan*6 

Hence, cos 29-^^- 
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Ex. 2. Verify that 

sin -sin 60® cos 80®*-co.s 60® sin SO?. 
The right-hand side, on substitution of the values, 


JS v/3 11^ 3 I 

2*2 ■' 2 ‘ 2 “ 4*’4 


1 

2 


sin 30®. 


Hence the result. 

Ex. 3. Solve for 0, where 0 is a positive acute anyle, 
given cosec 6 cot 6^2 J3, 


From the given equation, ^ ^ *2 J3, 

sin 0 sin 0 

or, cos 0 “ 2 ^/3 sin^O = 2 s/3 (l - cos®0X 
whence, 2 tj3 cos^0 + cos 0 - 2 s/3 = 0 


giving cos 0 » 


-] ± s/l+ 48 ^ ‘■^^' 7 , 


4 s/3 4s/3 ’ 

Since 0 is a positive acute angle, cos 0 is positive, and 
so rejecting the negative value, 

cos 0 = - cos 30®. 0 - 30® i.e,. 


Examples III 

Verify the results {Ex. 1 to 6) 

1. 1-2 Bin*30®« 2 cos^^SO® - 1 « cos 60®. 

* 2 tan 30® 

l-tan*30®* 

t 

^ ?r n . n . 71 . n n , . n 

3. cos o cos + sin « sm r =* sm cos 77 + cos r sin >. • 

34 34 46 46 

^ . / j . -r.\ tan A + tan B 

(ii) 008 A * cos®J5 - sin*J3, where A * 60®, B * 80*. 
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5. Bin Si » 3 sin 4 " 4 Bin*i, where ^ “ 0 * 

6. coBec*46® sec®30® (8in®30® + 4 cot®46® - sec*60®) * h 

7» If tan® ? - cos® « “ rc sin ^ cos ” tan ^ » find a?. 

4 o 4 4 o 

8, If S be a positive acute angle, find 6, when 
'^i) 2 sin®0“3 cos 6, 

(ii) tan S + cot 0 = 2. 

(iii) coseo®0 + 6 *= 3 ^/3 cot 0. 

(iv) sin 0 + cos 0= ^/2. 

(v) 2 (cos®0 - sin®0) = 1. 

(vi) 6 sin®0 - 11 sin 0 + 4 = 0. 

/ sin 0-008 ^^Ij \/3 
sin 0 + cos 0 li" J3 

9. Given 0 and </> to be positive acute angles, and 

tan + ^3, tan 1, determine 0 and 

10. Find a and P (a and P being positive acute angles), if 

sin {2a -p) = l, 
and cos (a + jS) - J. 

11. Find i, B, C (i, B, C being positive acute angles), if 

sin (B + 0 - i) = 1, 

cos(C + i-B)«l, 

and tan (i + B - C) = 1. 

IL Find the numerical values of : — 

Q n 3 4 2 ^ 

cot* -g - 2 cos* g J sec j - 4 sec* g • 

(ii) 8 tan*46^ - Bin®60* - i oct®30* + J S0c®45^ 
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Now, AXOP (measured anti -clock wisely) being equal to 
Z.XOQ'(measured clockwisely), APON=^ LQON in magni* 
tude m all the figures, and therefore, the two rt.-angled 
triangles PON and QON are congruent. The corresponding 
sides are therefore equal in magnitude. Considering the 
signs of these sides according to the usual convention, we 
get in all the figures, 

-PX,and OQ*OP 

( both OP and OQ being always considered positive ). 

Hence, from definition, 


oo8(-®) = 2g“op"«®*® 


tan ( - 6) = 


QN -PN 

on“ on 


-tan e 


and the reciprocals of these give, 
cosec 0)= - cosec 0, 
sec ( - 0) = sec 6, 
cot (-0)= - cot 0. 


22. Ratios of (80® zJ3)* 

Let the Z.XOP traced out by a revolving line be 0, and 
let another revolving line, starting from OX trace out the 
angle X0Y^^(f and then revolve back, tracing out Z.YOQ 

in the clocicwise direction, so that ZXOO«*9O®-0. 

4 

Take two equal lengths OP and OQ along OP and OQ 
respectively, and draw PN and QM perpendiculars on OX 

If OP he in the first or third quadrant as in Fig. (i) and 
Fig. (iii), OQ also lies in the same quadrant. If OP lies in 
the second quadrant as in Fig. (ii), OQ lies in the fourth 
fioadrant ; and if OP lies in the fourth, OQ lies in the 
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second, as in Fig. (iv). Now, A,XOP being equal to 
Z^YOQ in magnitude, Z. PON" “ Jtf, and since OP ~ OQ, 




the two rt.-angled triangles PON*, OQM are congnient. 
The corresponding sides are therefore equal in magnitude. 
Considering signs as well, we get im all tlie figures, 

QM=ON, OM=-PN, OQ^OP. 


Hence from definition, 

sin (90® - 6) = sin Z. XOQ 


cos (90®- 6)- 


OM 

OQ 


PN 

OP 


QM ON* 

b: - SRB a 

OQ OB 

sia 6 


cos 0 


tan (90* -e) 


OM ON 
'0M“ PN 


cot 6 
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The reciprocals of these are 
coflec (^90^ - 6) = sec 0, 
sec (90* - 0) - coseo 0, 
cot (90* -0)- tan 0. 

Obs. The angles (00” - 9) is the complement of and we derive the 
result that for a pair of complementary angles sine of one is the cosine 
of the other and vice versa^ tangent of one is the cotangent of the 
other and secant of one is the cosecant of the other. This was verified 
in the last chapter in connection with the complementary pairs 80” 
and 60”, as also 0” and 90”. 


/ 88. Ratios of (90“+^. ' 



Kg. (iii) Kg. (iy) 

Let a revolving line, starting from OX, trace out an 
/,XOP»0, ahd further trace out an ^iPOQ* 90*, so that 
ZXOO»9O*+0. 
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Cut off OP^OQ along OP and 0^ respectively and 
let PN^ QM be perpendiculars on OX (produced wbere 
necessary). 

Now, OQ being perpendicular to OP, the Z.PON* the 
complement of Z.QOM=^ £.OQM in magnitude, and since 
OP = OQ, the two right-angled triangles OPN and OQilf are 
congruent. The corresponding sides are therefore equal. 
Considering signs as well, we get, for all the figures, 

Qilf = ON, OM^ - PN, OQ = OP. 


I 


Hence, from definition. 

Bin (90'’+e) = sm AXOQ 


COB (90”+©)- 
tan(90”+©)- 


OM 

OQ 

QM 

OM 


-PN 

OP 

ON 

-PN 


QM ON 
OQ “ op 

‘ - sin © 

' - cot © 


COB© 


and considering their reciprocals, 
cosec (90” + e) = sec 9, 
sec (90” + 0) = — cosec 9, 
cot (90* + 9) = — tan 9. 

s/ 24. Ratios of (180” - ©). 
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Lefc Z. XOP 0 be traced out by a revolving line, and 
let anotlier revolving line, starting from OX, trace oirt an 
^ angle IbO** coming up to OX' and then revolve back and 
describe an angle X'OQ- 0, so that ZA"00-l80®-d. 

Two figures are given here, one with OP in the first 
quadrant and another with OP in the third quadrant. The 
two other figures may easily be drawn by the students. 

Now cut off OP * 00, and draw PN and QM perpendi- 
culars on OX (or OX' as the case may he). Tlien A PON 
^ Z.Q0M in magnitude, and OP — OQ, Hence, tlie right- 
angled triangles PON and QOM are congruent, and so have 
their corresponding sides equal in magnitude. Taking into 
consideration the signs, wo get for all the figures, 

QM^ PN OM=- - ON, OQ = OP. 

Hence, for all values of 6, 

Bin (180* - e) = sin XOQ = = sin 0 

COB (180* - e) “ 0? “ ® 

tan(18O*-0)-^^-/’^--tane 

and so taking reciprocals, 

cosec (180® - 6) = cosec B, 
sec (180® - 5) = - sec 0, 
cot (180® - e)= - cot 0. 

Note. The first two formula) may be expressed in the form 
of 8up;pleineniary a^.glis are equal, and cosines of supplementary angles 
are equal in magnitude hut opposite in sign/' 

25b Ratios of (180® 4* a). 

Let a revolving line starting from OX, trace <out Aa 
angle XOP * B, and further trace out an angle POQ “ 180®, 
so that ZXOO“18O®4 0. 
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OP and OQ are then in one straight line. 



Cnt off OP-OQt and draw PN and Qikf perpendiculars 
on XOX\ 

Two figures are given here with OP in the first and 
fourth quadrants, and the other two may be similarly 
drawn. 

Now, rOQ being a straight line in this rase, XPON 
= LQOM in magnitude. Also. OP= OQ, Hence» the right- 
angled triangles POX and QOM are congruent and have their 
corresponding sides equal in magnitude. Considering signs, 
we get in all cases, 

-PN, OM=- -ON, OQ = OP. 


Thus, for all values of 6, 

sin (180'’ + 6)-Bin - sin© 

co8(180“+e)--Q^- - - CO. (9 

tan(180 +©) --QJJ tanO 
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and so, 

cosec (180** + 0 ) = ^ cosec O, 
sec (180** + 0 ) = - sec 0, 
cot (180" + 0)* cot 0. 


26- Ratios of (270" -6). 



Let Z.XOP — 0 be traced out by a revolving line, and let 
another revolving line trace out an angle XOY' ■* 270**. there- 
by coming up to the position OY*, and then revolve back, 
tracing out an angle Y'OQ *= 0, so that Y.XOQ = 270® - 0. 

Two figures are given here with OP in the first and third 
quadrants. The other two may be drawn similarly. 

Cut off OP" OQ and drawn PN, QM perpendiculars on 

xox\ 

Since Z-XbP* ZT^OQ in magnitude, we easily derive 
that Z PON ** Z OQM in magnitude. Also OP * OQ, Hence, 
the two right-angled triangles OPN and OQM are congrupnt. 
Oonsidering signs, we get for alPthe figures, 

QM^ - ON, OM-=- PN, OQ - OP. 





ASSOOUIBD ANOLBS 


45 


Hence, fer all valnes of 0, 

sin (270’ - e) = Bin LXOQ » “ ~q^ =» - cos 6 


cos (270" -e) 


OK -PN 
0Q“ OP 


gin d 


tan (270“ -e) 


QM ON ON 
OM^ FN 


and thus, 

cosec (270“ - 0) - sec 0, 
sec (270“ - 0 ) = - cosec 0, 
cot (270“ - 0 ) “ tan 0. 


cot 0 ; 


27. Ratiosof (270“+6). 

We may proceed geometrically as in the previous caseB. 
Otherwise we may proceed as follows : 


gin (270“ + 6) = sin (180“ + 90“ + 0) = - sin (90“ + 0) [ from § 25 
= - cog 0 ••• ••• [ from § 23 


cos (270“+ 0) =® cos (180“ + 90“ 4* 0 ) “ - cos (90“ + 0) 
= - ( “ sin 0 ) = sin 0 


tan (27O“+0) 
and hence, 


sin (270“ + 0 ) "“ COS 0 , ^ 

cos(27O“ + 0)“ Bm'0 


cosec (270“ + 0) = - sec 0, 
sec (270“ + 0 ) • cosec 0, 
cot (270“ + 0 ) = ~ tan 0. 


Note. The ratioa of 180*— 0, 180® +0, 270® — 0 oan be similarly 
deduced from the formulsa for ratios of 90® ±0. 


28. Ratios of (360“-9), (860"+(?) Mi (jx. S6O“±0). 

It has already been remarked in Art. 2, Chapter I, that 
angles* which differ by complete multiples of 860“, e.e., by 
an exact number of complete revolutious, have the final 
positions of the revolving lines coincident, if the initial lines 
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are the same. Hence, all the trigonometrical ratios of two 
such anghs must be identical in magnitude as well as in sign. 

Thus, trigonometrical ratios of 360" - d must he same as 
those oi " 0, Hence, 

sin (360" - 6) = sin ( - 0) « - sin 6 
cos (860" - 6) “ cos { - O) = cos 6 
tan (360" - 6) “ tan ( ~ 0) = - tan 6^ etc. 

Trigonometrical ratios of 360" + 0, or of 360" x ± 0, 
where n is an integer, positive of negative, must similarly 
be same as ihose^of 0, or of ± 0. 

Thus, in determining trigonometrical ratios of angles^ 
complete multiples of 360" (i.e., 2;i) may he always added 
or subtracted. 

29 . All the above results may, for easy remembrance, 
be summed up in a simple rule* 

It e be associated with an eyen maltiple of 90** by -I- or --sign, 
(e.g., 180" - 0, 180" + 0, 360" - 0, 360" + 0. etc.) the ratio is not 
altered in form (t.c., sine remains sine, cosine remains 
cosine, etc.). To determine the sign, assuming 0 to be 
acute, find out the quadrant in which the associated angle 
lies, and determine the sign according to the rule, "all, sin, 
tan, cos’*. 

II $ be associated with an odd multiple of 90^ by + or — sign, 
(e.0., 90" 0. 90" + 0, 270" - 0. 270" + 0. etc.) the ratio is altered 
(sine becomes cosine, cosine becomes sine, tangent becomes 
cotangent, etc.). Moreover, the sign of the result is deter- 
mined as in the previous paragraph. 

Example* Consider formula for tan. (270" -0) and 
0ac(l8O" + 0). 

270" - 0 ^ 3.90" - 0 (multiple of 90" is odd). 
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Hence, the ratio will be altered, tan chant{ing into cot. 
Moreover, 0 being assumed acuta (whether it acjually is 
BO or not, it does not matter), 270* -0 falls in the third 
quadrant, where tan is positive. 

Hence, tan (270* - 0) = + cot 0. 

180® + 0 has got 0 associated with even multiple of 90*. 
Hence, the ratio does not alter in form, sec remaining sec. 
Also, 180* + 0 falls in the third quadrant, if 0 be assumed 
acute, where sec (by the rule “all? sin, tan, co3*0 is negative. 
Hence, sec (180* + 0) = - sec 0. 

N. B. The angle ‘ — 0’ may be written as 0.360® ~0, and 0 may 
be considered even in applying the above rule. 

Thus, 6 being supposed acute, —0 falls in the fourth quadrant, 
where cos and sec only are positive. The form of the ratio not changing 
in this case, sin (-0)= - sin 0, cos (-0)« +co8 0, eto. 


SO. Special angles (outside the first quadrant). 

In Art. 24, jmtting 0=60*, 45*, 30* and 0* respectively 
we can deduce the following results ; 


sin 120®= sin 60®«-^; 
sin 135® = sin 45®=-^^ » 

Bin 150®=? sin 30® « ^ I 
sin 180® = sin 0®=0 ; 
And similarly from Art. 2 
Bln 270®= —cos 0®“ —1 ; 
Bin 860® = sm 0®=0; 


COB 120®= -cos 60®= — i* 
cos 135® = — cos 46"= — 

v2 

oosl60°--oos30*-- “if®. 
COB 180®= - cos 0®= -1. 
and 28, putting 0 1 - 0, 
COB 270*= Bin 0®«0 ; 
cos 860® = cos 0®=1. 


Prom the above, we get, 

tan 180®=0 ; tan 270*= ±00 • tan 860*=0. 
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l^xamplea worked out. 

Ex. 1. Find the value of cot ( - 1676*). 

cot ( - 1676*) = - cot (1676*) - - cot (4 x 360* + 185*) 

- - cot (135*) = - cot (180* - 45*) 

= cot 45* -1. 

Ex. 2. Find the value of cot 0 - tan 0, where 0 = 

o 

17?* n 

g g » and omitting complete multiples of 860* 

4eC,t of 2;?, whereby trigonometrical ratios are not altered, 
we get, 

cot = cot I - ” I = - cot g = - cot 60* = - 
tan ~ tan ( " ^ ~ ~ ^ “ n/3. 

.. cot 0 -tan 0 =-^ 3+ 3 • 

Ex. 3. Prove that 

sin (420*) cos (390“) + cos ( - 300*) sin ( - 330*) = 1 . 

[ H. B. 1962 ] 

L. H. side —sin (360* + 60") cos (360* + 30") 

+ cos ( - 360" + 60") sin ( - 360* + 30*) 
= sin 60* cos 30* + cos 60* sin 80* 
n/3 n/3 . 1 1 3.1 , 

2 2 22 4 4 ^* 

Ex. 4. Express cot ( - 1358*) in terms of the ratio of 
a positive angle less than 46*. 

cot ( - 1368") - cot ( - 3 X 360* + 82*) 

-cot 82" = cot (90* -8") 

= tan 8 *. 

Note« Batios of angles of any magnitude and sign can always be 
expressed in terms of a ratio of a positive angle less than 45*, 
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Ex. 5« Express 

cos (90® + e) sec ( - a) tan (180® - 0) ... , . 

sec (360® + 0) sin (180® + 0) ~c6t (90® - 0) 

form. 

The given expression 

^ - sin 0.860 0.( - tan 0) 
sec 0.( - sin 0).tan 0 
» - 1 . 


ExampleftlV 

1. Write down the values of sin 150®, cot 840®, 
cosec ( - 660®) and tan ( - 1125®), 

2- Find the values of sin cosec 


tan 


/3« , ?i\ , /5w 19»\ 

|2 + g)andoos(-2— g). 


3. Evaltiate sin | — 1230* j ~ oob|| 2n + 1 jw 3 }' whore 
is a negative integer. 

4. Find the value of sin |»w + (“' l)’^ ^ where n is 
any integer. 

5. Find all the values of 


(i) tan{”" + (-l)"?}: 

(ii) coBeo|^ + (-l)’‘g|’ 
where n is any integer, 

6. Show that cos \^9imn± | j and tan |jhave 

one value each for all integral values of m* 


4 



so 
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7. Prove that, n being any integer 
0 ) cos (nw + a) « ( - cos a. 

(ii) tan (n;j - «) * -* tan a. 

8 * Prove that 

(i) cos S « - cos ($ - 180*). 

(ii) tan 6 =* - cot (e - |ji). 

9. Prove that 

(i) sin (780*) cos (390*) - sin (330*) cos ( * 300*)* J. 

(ii) cos 306* + cos 234* + cos 162* + cos 18**=0. 

/„ .-i sin 250* + tan 290® - 

cot 200* + cos 340*“ 

10. Simplify 

sin* (n + 3) tan (2n - 3) sec* (n - 3) 
cos*(in + 3) co8eo®3 Bm(»-3) 
and determine its value when 3 = 225*. 

11. Prove that 

sin (in + 3) cos (n — 3) cot (4» + 3) 

=* sin (in - 3) sin (in - 3) cot (iw + 3). 

12. Evaluate 

(i) sm ^ +sin® ^ +sm* ^ +sm* ^ • 

(ii) cot 20 cot 20 cot 20 cot 20 cot 20 * 

(hi) sin X + sin (ai + a?) + sin ( 2 « + ») + to n terms. 

18. If tan and cos 3 is negative, find the value of 
sin 3 + COB ( - 3 )^ 
see (-3) + tan 8 

14. An angle 3 lies between 180* and 270*, and»eoBeo,3 
^ Pindoot3. 
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16. Express ia terms oi ratios bf positive angles less 
than 45* ; 

(i) cot ( - 1054*). (ii) sin (1145*). 

(Hi) sec (-1491*). (iv) coB^|“’ 


16. Find the Tallies of 6 when, 

(i) tan fl = - ^/3 and 0 lies between 270* and i 

. iilfcos 9“ - i and 460* < 0 < 640*. 

17. Solve for d, giving all the possible values, when 
0* < 9 < 360* : 

(i) cos 9 + V3 sin 9 “2. [ C. U. 1936 ) 

(ii) 2 8in*9 + 3 cos 9*"0. 

(iii) 3 (seo*9 + tan“9) • 6. 

^ (iv) cot 9 + tan 9 = 2 sec 9. 

(v) 1-2 sin 9-2 cos 9 + cot 9=0. 

18. If A, B, G be angles of a triangle, show that •> 

sin (il + B)-cos C"co8 (4 + B) + 8in 0. 

19. If A, B, C be angles of a triangle, show that 


tan (S + C) + tan (0 + A) + tan (A + B) 
tan (ji - 4) + tan (2» - B) + tan (3« - C) 

20. If A, B, C, D be the angles of a quadrilateral, 
show that 


cos i(jl + C) + 008 ii(B + B) “ 0. 

If the quadrilateral be cyclic then 

COB i4 + cos B+oos C+oos I?=0. 
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SIMPLE PRACTICAL APPLICATIONS OF 
TRIGONOMETRY 

{Eeightt and instances) 

81. One of the most importent applications of Tri- 
gonometry is in the determination of heights and distances 
of distant objects which are not directly measurable, by 
obserwitions of angles subtftided by those objects at the eye 
of the observer. These angles may be measured by instru- 
ments knows as Sextants or Theodolites or by other angle- 
measuring instruments. Thus, Trigonometry plays a very 
important part in land survev. It is also extensively used 
by Astronomers in determining the distances of the heavenly 
bodies like the sun, moon and stars. 

Two angles are very often used in the practical applica- 
tions of Trigonometry, and they are defined as follows ; — 

P 



Q 


If a hwrijsontal line OX be drawn through 0, the eye ol 
an observer, the angle which the line joinfaig 0 to a point P 
above OX makes with OX is called the Ani^e of Bevatioii< 
OK altitude of Pu seen from 0. 
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Jf Q be below the horizontal line OX, the angle XOQ 
meaBured below OX is called the Angle of Depression of Q 
as Been from 0. 


32. Illustrative Examples. 

Ex, 1. From a distance of 40 feet fro^n the foot of 
a palm tree in a horizontal field, the angle of elevation of 
the top of the tree is observed to be dO®. Find the height of 
the tree, * 


/ 



Let h ft. be the height of the tree PN, and /LNOP, the 
angle of elevation of P as seen from 0, where ON'^iO ft., 
is 60*. 

Then, ^ ■■ tan PON * tan 60* “ VS ; 
fe*40^/Sft.=«69•28 ft. 

Ex. 2. From one bank of a river, the top of a hmlding 
smt on the opposite bank is observed to have an elevation of 
Xhfs receding 50 ft. from the bank^ perpendicular to its 
edge, the angle of elevation becomes Find the broach 
of the fiver and the height of the buiU^ngi 
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AQ being the breadth of the river, PQ the height 
.of the btiilding, /LPAQ»^\ Also. AS being 60 ft.. 


P 



Hence, subtracting, pg - cot 30* - cot 45*. 

n«irly. 

Also, I® - cot 46* = 1 : :.AQ’^PQ= 68'3 ft. 

, Thus, the breadth of the river and the height of the 
building are both 68’3 ft. nearlye 

Ex. 8» The m^Ue of deT^rezeion and elevation of the top 
of a tower 60 ft. high from the top and bottom of a second 
tower are 60^ and respectively. Find the height of the 
.Hoond tower to the nearest foot. [ Given oot 20^ ^ 2*747. ] 
PQ is the second tower, and Z XPi » 60*^, /.SQA^ 30*,* 
AO is parallel to SQ or PX, so that LPAO 
attfemate angle XPil^6(}^ 
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*Now, - cot 20* ; . QB - AB cot 20*. 

Also, ^ “ tan PAG = tan 60“ ; 

. PC “ CA tan 60“ = QB tan 60“ 

* AB cot 20* tan 60*. 



height Pg-PC + C<3»PC + 4JB 

^AB (cot 20* tan 60* + 1) 

» 60 (2747 X V3 + 1) 

= 287’8.,. ft. = 288 ft. nearly. 

Ex. 4. The elevation of a hill from a place P due Eaet 
of it is 46^, and at a place Q due South of P, the elevation 
is 50®. If the distance PQ he 400 yds,, find the height of 
the hill, 

A is the top of the hill, S is the point vertically below it 
on the ground. BP is due East, PQ is due Soi^tb, so that 
BPQ is a right angle. Also ABP and ABQ are both right 
angles. 

Nbw. - cot ACB =« cot 30“ - J3. 

ana, ||•w>l^^^’5-oot46•-l» 
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Heno^ BQ - AB JS, BP “ AB, 


A 



and Pg* = 50 * - 5P* =• AB* (3 - 1) = 2AB*. 

s/2 » 200 s/2 = 283 yds. nearly. 


Ezamplea V 

1. From tbe top of a tower by tbe seaside, 100 feet 
high, it was observed that the angle of depression of the 
bottom of a ship at anchor was 30°. Find the distance of 
the ship from the bottom of the tower. 

t. Two straight roads, which cross one another, meet 
a river with straight oonise at angles 60° and 30* respee* 
tively. If itr be 3 miles by tbe longer of the two roads, hoax 
the oiossing to the river, how far is it by the shorter ? If 
them be a foot>path which goes the shortest way faom the 
carOBsitig to the river, what is the distance by it ? " 

3 . Tyvo poleg are of equal height ; a person standing 
tniivwy betv^eeh the line joining their bases observes the 
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eleTation of the poles to be S0^» After walking 40 feet 
towards one of them, he observes tbat^ the same ^ole now 
subtends an angle of 60^. 'Find their height and the 
distance between them. 

4. A straight palm tree 60 feet high, is broken by the 
wind but not completely separated, and its upper part meets 
the ground at an angle of 30^. Find the distance of the 
point where the top of the tree meets the ground, from the 
root, and also the height at which the tree is broken. 

6« Two posts are 120 ft. apart, and the height of one 
is double that of the other. From the middle point of the 
line joining their feet, an observer finds the angular eleva- 
tions of their tops to be complementary. Find the height 
of the shorter post. [ H. S, 1961 Com. 3 

6. The Bally bridge subtends an angle of 46* at a given 
point at the edge of the river ; 800 yds. higher up, it 
subtends an angle of 30*. The course of the river here is 
straight and x)erpendicalar to the bridge. Find the length 
of the bridge. 

7. The height of a house subtends a right angle at 
an opposite window, the top being 60* above a horizontal 
straight line through the window ; find the height of the 
house, taking the breadth of the street to be 30 feet. 

8* From an aeroplane vertically over a straight road, 
the angles of depression of two consecutive milestones 
are observed to be 45* and 60* *^find the height of the 
aeroplane. 

From a ship sailing due South-East at the rate of 
5 miles an hour, a light-house is observed to be* 30* North 
of East, and after 4 hours, it is seen due North ; find the 
distanco/C! the light^house from the final position of the 
ship, y/ 

10* The shadow of a tower standing on a level plane is 
found to be 40 feet longer when tbf sum’s latitude is 45* 
than when it is 60^* Find the height cl the tower* ^ 
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11. From the lower window of a hotidd the angtilar 
elevation^f a church-steeple is fooz^ to be 45^ and from 
'a window 20 feet above, the elevation is SO*". How far is 
the church from the house ? 

12* A light-house facing Bast sends out a fan-shaped 
beam of light extending from 8. E. to N. E. An observer 
sailing due North, after meeting the light continues to see 
it for 10 minutes. When leaving the fan of light, the 
ship is 10 miles from the light-house. Find the speed of 
the ship. « 

18* A pole 100 ft. high stands vertically at the centre 
of a horizontal equilateral triangle, each side of which 
subtends an angle of 60^ at the top of the pole. Find the 
side of the triangle. 

14. Two chimneys are of equal height. A person stand- 
ing between them in the line joining their bases observes 
the etevation of the nearer one to be 60^. After walking 
80 feet in a direction at right angles to the line joining 
their bases, he observes the elevations of the two to be 45* 
and 30* respectively. Find the height and the distance 
between them. 

15* At the foot of a mountain the elevation of its 
summit is 45* ; after ascending 1 mile towards the moun- 
tain up an incline of 30*, the elevation changes to 60*. 
Find the height of the mountain. 

16. From a station, two light-houses A and B are seen 
in directions North and 80* East of North respectively ; 
if A were one-third as far off as it really is, it would appear 
due West of B. If the distance of B from the station be 
10 miles, find the distance of B from A. 

If. A j^rsou walking along a straight road observes 
a tall tree stending in front of a tower, l^tb on the 
road before him. The elevation of the top of the'bpwer is 
45^, and of the top of the tree 80* ; on advancing IdO feet, 
he finds the tower and the tree to have the same elevation 
60* ; stq^poSing the height of the eye of the man |o be 
5 {fi^ mSk the might of the tower and of the tree* 
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18> A man on the top of a rock rising on a seashore, 
observes a boat coming towards it at an angle of depression 
30" ; 10 minutes later the angle of depression is 60*. The 
height of the rock being 4000 feet, find the speed of the 
boat in miles per hour. 

19. A person walking along a straight level road observes 
the elevation of the top of a bill to be 60* when he is nearest 
the hill, and after walking 300 yards in a direction perpen- 
dicular to the direction of the hill from this point, observes 
the elevation to be 80*. Find the approximate height of 
the hill. 


20. A square tower stands on a horisontal plane. From 
a point in this plane, only three of its upper comers are 
visible, and their angles of elevation are 45*, 60*, 46*. Find 
the ratio of the height of the tower to its breadth. 

21. Two wheels, the sum of whose radii is 10 feet, are 
placed flatly on a table with their centres at a distance of 
20 ft. An endless string, quite stretched, is partly wrapped 
round the wheels and crosses itself between them. Show 
that the length of the string is nearly 76'5 feet. 

A 

22. On a still day, from a station A an airship is observed 
due north at an elevation of 60*, while from a station B it 
is observed due east at an elevation of 46*. At this instant 

' of observation, a parachute message is dropped from the 
airship, and the observer at A has to walk a mile to reach 
the message. Find the distance between the two stations. 

28. From the foot of a column the angle of elevation 
of the top of a tower is 45* and from the top of the oOlumu 
the dhgle of depression of the bottom of the tower is 80*. 
A man walks 10 ft. from the bottom of the column towards 
the tower and notices the angle of elevation Of its top to 
be 60*. Find the height of the column. 



OHAPIBB VI 
COMPOUND ANGIiES 

'* 88. To provithat 

sin (A+B)«>dn A <MM B*t-coi A tin B 
eo« (A*fB)*‘eog A cot B->tin A tin Bt 
when A and B are positive and acute and (A + B) < 90”. 



Let a revolring line starting from the position OX trace 
not an angle XOF**A and then revolving fnrtheri trace pnt 
w angle TOiT-B : then IXpZ^A+B. 


In OZ, the bounding line of the compound angh A + B, 
tahe any point P and draw PQ and PS perpen^ctto tn 
0X and OF respectively ; also draw BS and BFperpehdio 
nohff to OZ and PQ respectively. 


Brom the right-angled APOQ, 


a 

•in^i'-fB) 


PQ_QT+TP^ Ba+PT ^ 

OP OP op 



S8QSj.PfJPR 

mtsp*n'w 

•"M. A «P8 #^ooe ti* 

imp* imo* 
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.*. A COB £-i-oob il sin £, 


^gflrin, 

COB (A + B) 


OQ ^q8-Q8^0S-TB^»8 TB 

OP OP OP OP~OP 

08 OB TBPS 

'OB 'OP~ PM OP 

COB .i COS £ *> Bin WPS . sin B 

cos A cos £- sin ii sm B, 


34. To prove that 

sin (A ** B) sin A*cos B - cos A sin B 
/C cos(A-B)-cosA cos B-fain A sin B. 

when A and S are positive and acute, and A '!> B. 



Let a terolving line start from the position OX Bond 
trade ont an angle XOT"* A and then revolving back trao* 
oat an angle WOZ—B : then /.XOZ*‘A~B, < 

In PZ, tiie homMng Utu of the oompotmd aetoh 4 
(alw any point P. and draw PQ and PB pexmdisale^r to 
GT fQspedtiveiy ; apd draw B8 and ST pafpendh 
fcm to OX and QP prodneed letpeetivafy, 

Wpi^ho rigid-angled A^OQ, ^ 
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OR PT PR 
OROP'^PROP 


“ fsin A C 04 B - cos TPR • sin B. 

But Z TPR = 90** - Z TRP ^ LYRT^ L YOX^ A. 
/. sin (A- Kin A cos B- cos A sin B. 


Ajifiin, 

CO, U-Z?)=2? 


OS + S<? _ OS + RT 
OP - OB 


OS BT 
OP OP 


OS OB BBBP 
^ DROP RP OP ^ 
cos cos B + sin 7TB . sin B 


- cos -4 cos B + sin ^ bin B. 


Oba. Tn tbo abovo Goomotrioal proofs, it is assumod that tho 
angles AyB, A+ B rxte all loss lhan a right angle and that 4 — 73 is 
positive. If tho angles are not mo rostrictod, the satno method of proof 
(there being some modifloations in the figures) will apply, due atten- 
tion being paid to the signs of tho quantities involved.* 


Tiiua, the above formulic are perfectly general. 


Note 1. The sum or differenco of two or more angles is called 
a Compeyand angle ; such as 4 -fB, 4 -B, 4 + 73 + 0 etc. 

The expansions sm (4 + 73) and cos (4 + 73) are generally called the 
**Additton formu1(B or Add%hon and Suhtraetton Theorevts*\ 


Note. Assuming the truth of the above formnlm lor acute 
anifies, they can be shown to be true for angles of any magnitude, 
as follows 


Lot us consider sin (4 + B). 

Let 4 and B bo acute ami 4 + B < 90*. 

Lofc4,«90*+4 ; 

Now, sin (ki ■f“B,)-*sin ((90® + 4) + B}siEin {90*+ (4 + B)}' 

«^cos (4 + B) “COS 4 cos B — sin 4 sin B \^hy ArL 33 ] 
*sin (90® +4) cos B+cos (90® + 4) sin B 
«sin 4i cos Bi+cos 4i sin Bj. 


Bee Append%Xt Arts. 3-4. 
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Again, let -A, 5* =B. 
yThen, sin (A2+5a) = am (- A+B)® -gH (A-B) 

= — sin A cos 23+ cos A sin B, [i&?/ Art 34 ] 
= sin (- A) cos B+cos (-'A) sin B 
»sm A-i cos Ba + cos A* sin Bq. 

Tbns, the above formulae remain true if any of the two angles is 
either increased by 90®, or has its sign changed. 

In the same way it may bo shown that the other three formulae 
for cos (A+B), sin (A — B) and cos (A — B) will continue to hold good 
unchanged in form, if any of Iho twoangles be either increased by 90® 
or has its sign changed. 

Now starting from jicsitivo acute-angled values of A and B, com- 
bining the two processes of inojeasing one of the angles by 90®, and 
reversing the sign of any one, wo can arrive at values of A and B of 
any magnitude, positive, or nogat ve, and the four formulas will still 
hold good. 

Thus, the formulae for sin (A+B) and cos (A + B) are perfectly 
general. 

35. Ex. 1. Find the valim of 

sin cos 7 ^)®, sin VF and cos 15 \ 

sin 75® = sia (45* t* 30®) = sin 46* cos 30* cos 45° sin 30* 

I 1 1 

^ 2 J2 2 27 ^’ 

cos 75® = cos (45* f 30*) ^ cos 45* cos 30* - sin 45* sin 30* 

1 v/3_ 1 1 ^ ji-1 

“ J2 2 v/2 2 ■ TJZ ■ 

sin 16® - sin (45* - 80*) « sin 45® cos 30® - cos 45* sin 30* 
andcos lb* = cos (45® - 30*) = cos 46° cos 30* + sin 45® sin 30* ; 
therefore, substituting the values of sin 45*, cos 45® etc. 
as before, we get 
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. ^/S-l , n/3+1 

sin 15 « 2 ' iji ' “ tji ’ 

Note. 'The values of sin 16® and cos 15® can also be deduced from 
The fact that 

ain 15® -sin (90® -75'’) -cos 75® 
ard 003 16® - 00 s (00® - 75®) « sin 75®. 


Ex. 2. Show iiuit 

(i) 8in (A + B) sin (A-B)- sin^A- sin®B 

= C 08 ^B-C 0 S^A. 

(ii) cos (A + B) cos (A - B) - cos*^A - sin^B 

- cos^B-sin^A. 


(i) Left side 

» (sin A cos B + cos A bin JB){sin A cos B - cos A sinB) 

-sin^A cos“J5 -cos^^l sin^lf 

-sin **.4 (1 - 8/n^J!5)-(l -^3^A) sin“J3 

-sin^il - ain^U 

- (1 - cos* .4) - (l - COS'I?) - COS^P - COS“il. 

(ii) Left aide 

“ (cos A cos B-bin A sin 2})(cos A cos B i- sin A sin B) 

- coa®J cos^i?- sia*.4 sin^B 

“ coB®il (1 - sin*J3) - (1 ~ COS® A) siu^B 

- cos®il ~ sm®jB 

=“ (1 - 8in®A) “ (1 “ cos^B) ** cos®P - 6in®.4. 

Note. The results of E^. 1 and Ex. 2 are very useful and should 
be carefully remembered. 


36. To prove that 

(i) tan (A 4* B)- 


tan A 4- tan B 
1 * tan A tan B 


(ii) tan(A-B)-iSSJLlt£nB . 

1+tan A tan B 
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We have 

j / >1 . r»\ sin (^+7?) sin C08 J? + oos -4 Bin 7? 

tanU + j5)= f A ^ ry\^ A TJ ' » W 

cos -r B) cos A cos B - Bin A sin B 
Now, dividing the numerator and denominator by 
COB A cos B, we have 


ian M + B) = 


sin A COS B ^ cos A sin B 
cos A cos B cos A cos B 
cos A cos /jf _ sin A sin B 
COB A cos B cos A COB B 
tan A-^ i&o 
1 — tan A 1 an 


A'<ain, 


tan 


U-J?)- 


sin (A - B) 
cos (A - B) 


sin A cos B - cos A sin 77 
» os A cos B + bin il sin B 


Now, dividing the numerator and denominator by 
cos .1 cos B, we have, as before, 

tan A - tan B 


tan (A -B) = 
37. 'To 'prove that 

(i) cot (A 4*8) 

(ii) cot (A - B)* 

cot (A + B) 


1 -4 tan A tan B 


cot A cot B - 1 
cot B + cot A 
cot A cot B+1 


cot B - cot A 

^ cos (a + 7?) ^ cos A cos 7? - bin ^ sin B 
«in (A 4 B) sin A cos B + cos A sin B 
Now, dividing the numerator • and denominator by 
^in A sin Bj we have, 


cot (it + B) == 


cos A cos B 
sm A sin B 
sin A cos B 
sin A sm B 


_ sin A sin B 
sin A sin B 
^ cos A sin B 
sin A sin B 


cot A cot B - 1 
cot J5 + cot 4 
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cnfe {A -* B) 


cos {A- B) ^ COB A cos 5 + sin 4 sin B 
Bin{A-B) Biu A con B - COB A sin B 


Now, dividing the numerator and denominator by 
sin A sin B, wo have, as bofrre, 


cot B) = 


cot i4 cot 7i + 
cot B - cot A 


38. Ex. 1. Find the values of tan 75® and tan 15®. 


tan 76® -tan (45® + 30®;« 


tan 45® + tan 30® 

1 - tan 45'^ tan 30“ 


s/3 s/'3 + ] ( s/S + 1)( s/3 + l) 

, 1 " s/3- J “ 3-1 

^/3 


4 + 2 s/3 
2 


2+ s/3. 


tan 16* -tan (45“ -30’) 


tan 45® - tan 30® 
1 + tan 45® tan 30® 


1 - 


1 + 


^/3 

4-2 s/3 
2 •' 


1 

n/3 „ n/3 - 1 ^ 
s/3 + 1 


■2- s/3. 


( s/3 -1)( s/3-1) 
( s/3 + 1)1 s/3 - 1) 


Ex. 2. tihoiv that 


(i) tan (45* + A) = 


1 + inn A 
I ~ ta7i A 




(i) Left side 


tan 45® + tan A 
1 - tan 45® tan A 


;^tan A 
1 - tan A 


(ii) This result follows similarl3\ 
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Ex, 3. Shoiv that 

cot 2 A + tan A - cosec 2 A, [ 6\ 17. 1947 ] 

r , cos 2A , sm A cos 2A cos ^4 + sin 2A sin A 
Leftside® ..+ - 0,1 a 

sin 2A cos A sm 2A cos A 

co^(2A-A) cos i4 ^ 1 

sin 2A cos A sin 2A cos A sin 2A 

39. 7 0 find the expansions of 

(i) sin (A + B + C) 

(ii) cos (A + B + C) 

(iii) tan (A + B + C) 

0) sin {A+B^C) 

® sin {{A + J5) + C{ 

= sin {A + B) cos C + cos (J + B) sin C 
® (sin A cos B + cos A sin B) cos C 

+ (cos A cos B - sin A sin B) sin 0 
® sin A cos B cos 0 + sin i? cos C cos A 

+ sin 0 cos A cos B -* sin i4 sin B sin C, 

Note 1. The expansion of sm (A + B^C) can be easily jmt in the 
form 

cos A cos B cos C (tan A + tan B + tan C - tan A tan B tan C). 

( 11 ) cos (i4 -f B + C) 

- cos + B) Cl 

= cos (i4 + B) cos G “ sin (A + B) sin C 
-- (cos A cos B - sin A sin B) cos G 

- (sin A cos B + cos A sin B) sin G 

- cos A cos B cos C - cos A sin B sin C 

- cos B sin G sin A - cos 0 sin A sin B, 

Note ?. The expansion of cos (A + B+C) can be easily put in the 
form 

cos A cos> B cos C (1 - tan B tan C- tan C tan A - tan A tan B), 
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(iii) tan(A + B + C) 

- iau \U + i?) + C\ 

^ t«'in (A + Ji) + tan C 
1 - tan {A + B) tan C 


tan A ■+ tan B 
I “tan A tan B 


■f tan C 


\ 


tan A -t tan B 
1 - tan A tan B 


tan ( ' 


tan A + tan B-f-tan C-tan A tan B tan C 
1 - tan B tan C - tan C tan A - tan A tan B 


Notes. The expansion of tan(A“fI?+C) can also 


thus, 


tan (A t 2j4 0) 


sin {A + B-¥ C) 
cos (A + R + C/ 


be obLaiuod 


Nov^ .write down the expansions of sin (J + 7M ( ') and cos (.4 + B + C) 
and divide the numerator and denominator by cos A cos //cos 0 or 
simply write down the expansions of sin (A 4 B + C) and cos (A-i-B + C) 
as given in Notes 1 and ‘i. 


Obs. ForiDulu3 for the Trigonometrical functions of the sum of 
four, five or more angles can be similarly obtained. 


Examples VI 

Show that (/t>. 1 to 20) : — 

1. (i) sin (A - B)- if and cos (A + B) = , 

if A and B are acute and if sin -4 = cos B = J:|. 

(ii) cos 68® 20' cos 8® 20' + cos 81® 40' cos 21® 40' - i, 

(iii) sec (cc “ i/) “ ^4 » if sec x = -V i cosec 

2. (i) sin A sin (I? “ C) + sin B sin (C “ A) 

+ sin G sin (A-B)^ 0, 

(ii) cos A sin (B - C) 4 cos B sin (C - A) 

4- cos C sin (A- B)- 0. 

(iii) sin (B + C) sin (B - 0) 4* sin (C+ A) sin (C - A) 

+ sin (A + B) sin (A-^ B) = 0» 
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(iv) Kin (a - O) sin (i5 - v) + sin (jJ - 0) sin (y - a) 

+ sin (y - 0) sin (a - j3)*= 0, 

3. cos (go** ~ a) cos (30** - B) — sin (60** - A) sin (30" — B) 

= sin (A + B). 

4. (i) K’li (7i 4 1) X cos (n - l) x- cos (^i 4- 1) x sin (n- l) x 

= sin 2x. 

(ii) sin 20 cos 0 -t- cos 20 sin 6 

- sin 40 cos 0 - c©s 40 sin 0. 


5. 

6 . 

7, 

8 . 
9. 


Mil Sin (2^4 + 7?) T>\ 

. , - 2 cos (ii + ^). 

Kin A sm A 

^ sin(O'il) ^ s\r\iA-B) 

cos B ( OS C cos C cos A cos j4 cos B 

sin (B - C) ^ sin (C- A) ^ sin (A *“ -B) _ ^ 

Kin B sin C sin 0 sin A sin il sin B 

tan (id + J9) tan (-4 - i?) - ^’^ 2 ^ 

cos sin B 

j 2 j i. 2-n “ -^0 - 

tan ^ “ tan 2 a t> 

cos ii cos B 


1 H tan (a + p) tan a 

^<j1) Tf A-^ B-^ C-n and cos A = cos B cos C, show 
'that tan ^4 = tan B + tan C, [ C. U. 19 ] 



1 + tan 20 tan 0 ~ soc 20. 
cot 0 ~ cot 20 cosoc 20. 
tan 20® + tan 26** + tan 25® tan 20® - 1. 


14. (i) tan (45** + A) 


cos A + sin A 
cos il - sin il 


15/ 


(li) J2 sin (45® + 41) =* sin + cos A. 


cos 8** + sin 8® 
COB 8® - sin 8® 


tan 53®. 
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16. tan (45** + -4) tan (i5“ - 4)=* I. 

17. tan {A + B) + tm(A-B)- 

C03 4-sin B 

jg sin (a* + v) ^ tan t + tan y 
sin (a: “ 2 /) tan rr- tan 2 / 


19 . 


cot ( 45 ® + .r) 


cot a* - 1 
cot in ^ J 


cos a? - sin 
cos a: + sin cc 


20 . 


sec (x + y)^ 


sec a; sec 2 / 
tan X tan y 


21. Find the expansions of 

sin (4 - B + C) and tan (A-B- C). 

22. Express cot (4 + B + C) in terms of 

cot 4, cot B, cot C. 


2$. (i) Tf a cos (a; a) = & cos (a* - a), prove that 
(a T b) tan x = (a- b) cot a. 

ii) If sin a sin - cos a cos + 1 ~ 0, show that 

1 + cot a tan ^-0. [ C. U. 1939] 

(iii) If 4 + B + and cos 4 “cos B cos C, 
then cot B cot C = 


24 . 


y. . - (X sm a* + 5 sin y 

If tan 0 “ ^ , » 

a cos x + b cos y 

then a sin [d-x)^b sin (0-y)=- 0. 


25. An angle 6 is divided into two parts a, such that 
tan a : tan ff-x : y ; prove that 

, sin (a ^ P) = ^ ^ sin 0. 

’ x + y 

' ^ 26. If cos (i? - y) + cos (y - a) 4- cos (a — jj) = - f , 
show that S cos a == 0 and ^ sin a ~ 0. 



CHAPTER VII 

TRANSFORMATION OF PRODUCTS AND SUMS 

40. Transformation of products into sums or 
differences. 

We have from Arts. 33 and ^4, 

sin ^ cos J9 + cos sin B = sin (it + Z?) (l) 

sin A cos B - cos A sin B = sin {A "* B) (2) 

Adding (l) and (2), we get 

2 sin A cos B = sin (it + B) + sin (A-B). ••• (3) 

Subtracting (2) from (l), w^e get 

2 cos it sin B*=sin (it 4 B)~ sin (A-B). (4) 

Again, from Arfs. 33 and 34, wo have, 

cos it cos B sin it sin B = cos (it + B) ••• (5) 

cos it cos B + sin it sin B = cos (ij “ B). (0) 

Adding (5) and (6), we get 

2 cos it cos B = cos (it -I B) + cos (A - B). (7) 

Subtracting (5) from (G), we get 

2 sin A P’u B^cos(it-B)-cos(il + B). ... (8) 

Thus, we have the following formultc for transforming 
ft product of two sines and (osines into the sum or the 
difference of two sines or two cosines. 

2 Bin A Cbs.B^sin (A+B)+8in (A-n). ••• (I) 

2 eoB A sin B-sin (A + B)-sin (A-B). ••• {11)^ 

2cob AcosB*eoB(A+B)+co8(A-B). •• (111)“^ 

2 Bin A Bin B=co8(A-B)-co 8(A+B). (IV) v 
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41. Trangformation of gums or differences Into 
, products 

Let and 

then ^ and ^ • 

A A 


Makin^^ these suhstifutions Tm A and B in the results 
(0, (7), (8) o1 Art. 40 and noting* tha^ the relation <S) 
ran ho wi dteti as 

( os {A f B) cos {A - B)~~ - 2 ^ n A f 111 B 
~ 2 sni A s n ( - B), 


we lia\e the follow n » ionr forniuLe lor transloiminf^ the 
or tlio dijferen( c oi tw^o sines only or two cosines onl> 
into a prodml of aincs xnd (osmos. 

Sin C+sin 1)»2 Sin — ^ 5 — cos — 7 ; — (1) ^ 

• n • 1 . « C-fl) . C-D 
sin C- sin I) « 2 cos sm — g — • ••• (ID 

cos C + cos D - 2 cos — cos — (III; v, 

- • C + D . D-C L 

cos C “cosI)^2 sm — 2 — sm — (IVj 


Not© The following concise verbil statenionl of the above four 
formula? is pomctimfs verj^ con\cni«'nt 

(i) 1- sme~ 2 wi sum), cos (i <Iiff ) 

(u) nne - sine = 2 r os ( J sum), sin (J dill ). 

(i 0 COS+ co6= 2 cos (i sum), tos (J diff ). 

(iv) fOi~fo^=^2 sm (J sum), bin (J difi. reversed). 


42. Ex. 1. Prove that 

(0 (OS 20® cos 40** cos 80'’- i. 

(ii) cos 80** + cos 40** “ cos 20** = 0. 
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/ ) Left side =i.cos 20® (2 cos 40® cos 80®) 

« i cos 20® (cos 120® + cos 40®) 

= 4 cos 20® ( - i + cos 40®) 

= — J cos 20® \ i cos 20® cos 40® 

= - i cos 20® + J (f os 60° + cos 20®) 

■“ 4 cos 20° + 4 (i + cos 20°) 

=- 1 
b« 

(ii) Left side “(fos 80® 4- cos 40®) - cos 20® 

-= 2 cos (jO® cos 20° “ cos 20® 

- 2.^ cob 20® "COS 20® -0. 


Ex. 2. Show that 

sin 0 + sin 20 f s/h 40 f sm ^)0 ^ « 

cos 0 4 CO, 20 4 CON 40 H coc 50 
■Numerator - (sin 50 4 sin 0) + (sin 40 + am 20) 

- 2 sin 30 cos 20 f 2 sin 30 cos 0 
= 2 sin 30 (cos 20 l- cos O) , 

Denoininafor (co:> 50 h c os O) 4- (c os 40 4- ( os 20) 

- 2 < os 30 ( os 20 4 2 ( os 30 cos 0 

- 2 cos 30 (cob 20 4- ( os 0). 

TUI 30 (cos 20 4- (OS O) sin 30 

2 COS JO (co:, 20 I c Ob 0) cos 30 


Ex. 3. Expiebs 4 coo A coo J5 <os C a> the sum of four 
Lostm s. 

4 cos A i 08 B cos 0-2 cos ^4 (2 cos B cos C) 

~ 2 cos A {cos (B'hC) t cos (Z? • G')} 

- 2 cos ^ cos (B 4- C) t 2 cos -4. cos (B - C) 

- cos (il t B 4* C) 4- cos (il - B “ C) 

4- cos (-4 4 B - 0) 4* cos (il - B 4* C) 


Ex. 4. Express as the product of three sines 

sin fB + G - 4) 4- Siw (C 4- i4 - B) 4- sm (4 + B - 6') 

- sm (4 4* B 4 C). 
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Grou))ing together the first two terms and |^rou 5 )ing 
.together the last two terms, the given expression 

= 2 sin C cos (B“^) + 2 cos (A + B) sin (-0) 

= 2 sin C {cos (B-A)- cos (A + 5)} 

-2 sin C; (2 sinBsm A) 

** 4 sin sin B sin 6\ 


Examples VII 

JVove tliat (Ex. 1 io 17) : — 


1. 


2 . 


sin + sin B ^ A-^ B 

sin sin B 2 

cos i4 + COR B _ .A-i-B 
cos B - cos A~^ 2 


cot 

cot 


A-B 

2 

A- B^ 

o 


3. cos 20® + oos 100® + COB 140*^ — 0. 


4 . 


5 . 


6 , 

7 . 

8. 
9 . 

10 . 


11 . 


sin 0 sin (60® - 0) sin (60® + 0) - J sin 30. 
cos 0 cos (60® - 0) COR (60® + 0) - J cos 30. 

(sin 3a + sin a) sin a + (cos 3a — cos a) cos a - 0, 
cos (A - D) sin (B - C) cos (B - D) sin (C - A) 

f cos (C - D) sin (^4 -* B) ^ 0. 
cos 20® cos 40® cos 60® cos 80® = tV. 
sin 20® sin 40® sin 60® sin 80® *=» tV- 

sin A -f sin B \ A + B 
cos A + cos B 2 

sin* A - sin B ^ ^4 + B 
COS B ~ cos A 2 


cos 0 + cos 30 cos 50 + cos 70 

.jn sin 2i4 + sin 5i4 - sin .4 _ . 

COB 2i4 4 cos 5^ + COB 4 
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14 , 


15 . 


16. 


17. 


sin (a -f j5) - 2 sin a + sin (a ^ 

cos (a + /9) - 2 cos a + cos (a — P) 

cos 7a + cos 3a “ cos 5a - cos a . ^ 

, „ , o • r _L • -=cot2a. 

sin 7a sin 3a “ sin 5a •+ sin a 

sin 2A + sin 2B sin 20 - sin 2(4 + B + 0) 
« 4 sin {B + 0) sin {0 + A) sin (A +B). 

cos 4 + cos B + cos C + cos (4 + B + 0) 


. B+C 0+4 
= 4 cos ^ cos ^ COR 


4+B 

2 


18. If sin x^h sin y, prove that 

tan HiK - I/) = ^ ^ tan i {x + y). 


19. 


20 . 


21 . 


22 . 


]f cos .T + COS i and sm a; + sin t/“ i, prove that 
tan i (x + a/) = f . 

If X COS a-fysina — fe-a' cos /? + 2 / sin /?, prove that 

^ ^ y ^ ^ 

cos h (a-h p) sin i (a 4 cos J (a - P) 

If sin d + sin cp — a, cos 0 4* cos </> b, prove that 


tan 


e-<h 

8 

2 




-5" 

5^ 


4u i -Sin JO , o-o 

Prove that , ~tan 35 
coH 10 + sin 10 


[ Note that ^iv B^cas (90® — ^) aiTd cos B==sin (90® + ^). ] 

23. If cosec 4 + sec 4 = cosec B + sec B, then 

tan 4 + tan B- cot H4 f B). { P. U. 1936 ] 

24 . Prove that 

/cos A + cos ^ /sin 4 + sin B\» „ ^ A - B, 
\Bin 4 - sin Bf \cos 4 - cos Bf 2 

or zero, accordinj^ as n is even or odd, [ P.U. 1933 ] 
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43* Trigonometrical ratios of angle 2A« 

Prom Art, 33, we have, 

sin (j 4 ■+ B) - sirf A cos B !■ cos A sin B. 
cos {A 1- B) =* cos i cos B - sin A sin B. 


Putting B = -4, in tlie first formula, we get 

sin A cos A + cos ,4 sin 4 ~ 2 sin A cos A (l) 


PutU^ B“ 4, in the second formula, we get 

Js 2A*=cos 4.COS 4 - sin 4. sin 4 = cos* A - sin* A (2) 

■= (1 - 8in^4) - sin®4 = 1 - 2 jig * A (3) 

and also ~ cos ‘^4 - (1 - cos^4) = 2 cos* A -'1. (4) 


By Art, 3C, tan (4 + B) =•■ 


tan 4 + tan B ^ 
1 - tan 4 tan B 


Putting B = 4, in the above formula, we get 
AX tan 4 + tan 4 2 tan A 

Similarly, putting B = A in tlie value of cot (4+J5) as 
given in Art. 37, we get cot a‘ " 


From formula) (3) and (4), we obtain, by transposition, 

l+cos 2A™2 cob‘A ••• •*•(7) 

1-cob 2A*2 sin^A •••(8) 

By division, - - (9) 
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\Ve may also note that 

1 + sin 2A = cos’^il + sin^il + 2 sin cos A 

(cos A + sin A)^ 

1 - sin 2A = cos^il + sin“i4 - 2 sin A cos A 

— (cos A - sin J)®. 

Note. Since tho addition formulro are porfoctly general (te-, true 
for all values of A and B), the above formulas, being deduced from 
addition formulae, are also perfectly general. 

K>^4, Trigonometrical ratios of angle 3A. 

sin 3^ ■* sin (A 4 2A) = sin A cos 2A + cos A sin 2A 

= sin A (l ~ 9. 8in'“*i4) + cos il . 2 sin cos A 

[ By Art. 43 ] 

= sm -4 (l ~ 2 sin^^) 4- 2 sin 41 (l - sin® A). 

/. sin SA-S sin A-4 sin^. 

cos 3 A = cos (A 4* 2A) == cos A cos 2A - sin A sin 2*4 
= cos A (2 cos® A - 1) - siu .4 . 2 sin A cos A 
= cos A (2 cob^A ~ I) - 2 cos A . sin'^^A 
~ 2 cos®A - cos A - 2 cos A (l - cob®A). 
cos 3A“4 cos®A- 3 cos A. 


tan 3A ■= tan (A 4- 2A) = 


tan A -i tan 24 
1 - tail A tan 2A 


tan A -H 


1 - tan A 


3 tan A^ 
1 - tan® A 
2 tan A 
1 - tan®A 


tan A (l-tan®A)4*2 tan A 
(1 - tan® A) - 2 tan® A 


8 tan A - tan*A 
1-8 tan* A 


/. tan 3A 
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Obi. By a method similar to that of the previous article the 
Trigonometrical ratios of any higher multiple of A can be expressed 
in terms of those of A, 


46. Ex. 1* Exprenh sin 2A artd cos 2A tn terms of 
tan A, 

Bin 2A = 2 sin A cos A — 2 • cos*i4 

cos A 


— 2 tan A 



COB 2A - cos*-4 “ sin® A »= 


2 tan A 
l + tan“A‘ 

9 4 8 Bln id 

cos A -cos A* 2 a 
cos A 


•cos® A 



sin® A\ 
cosM; 


1 - tan^A 
1+tan^A 




Ex. 2. Express cos 4A in teims of cos A. 

Putting B = 2A, cos 4A = cos 20 • 2 co3®0 - 1 

•2 (cos 2A)® - 1 

-2 (2 cos® A - l)® - 1 

= 8 cos*A - 8 cos* A -f 1. 

« .V . 1 - tan® (45® - A) . 

Ex. 3. Show that — r7T^« — 2A. 

1 + fan* (46 -A; 

Let 0 « 45® - A ; then 

_ Bin®0 

T rj. ‘ l-tan®0 co8®0 cos®0-8in®0 

® ® 1 + tan®0 ^ . Bin*0 cos*0 -i tiin®0 

cos*0 

• co8®0 - sin®0 = cos 20 

• cos (90* - 2A) « sin 2A, 
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y sir 
1 + c 


2 . 


r = fcan A. 
- cob A, 


Examples VlII 

trove the following identities {Ex, 1 to 25) 
sin ^ A 
cos 2A 
sin 2A 
1 “ cos ^A 

3. cot A “ tan A - ''I cot 2A. 

4. (i) (2 cos B + 1)(2 cos 0 - J) - 2 cos 20 + 1. 
(li) tan 0 (1 + see 20) = tan^20. 

g cot A - tan A 
cot A + tan A 

tan A + cob A- 2 cosec 2 A. 
co8^0 “ sin*0 = cos 20, 
cos®0 - sin®0 cos 20 (1 “ J sin® 20). 
cos®0 + sm®0 «= i (1 + 3 cos®20). 

sin^ajsin®^ 
sm a cos a - sin i3 cos P 
1 - cos 20 + sm 20 


, = cos 2A. 


6 . 

7. 

9. 

10 . 


' tan (a + jS). 


' 11/(0 ] 


+ cos 20 + sm 20 


- tan e. [ C. U. l'M8 ] 


(ii) = «. 

cos a “ vl + sin 2a 


L a being positive and 

acute, and the square root being taken with positive sign. ] 
cos 0 + sin 0 _ cos 0 - sm 0 
cos 0 - sin 0 cos 0 + sm 0 
sin A + sin 2A 
1 + cos A + cos 2A 
sin 40 1 - cos 20 
cos 20 1“ cos 40 


12 . 

13. (i) 

(ii) 


^ = 2 tan 20. 
= tan Af 
= tan 0. 


14. (i) 

(ii) 


cos A - Bin A 
cos il + sin il 


= sec 2i4 tan 2^4. 


co8®0 + 8m®0 


cos 0 + sin 0 


r- = 1 “ i sin 20. 
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16, cos®il COS sin 34 = cos®2il. 

(coB*10* + Bin*20*) = 3 (cob 10* + sin 20"). 

17, tan 30 - tan 20 - tan 0 = tan 30 tan 20 tau 0. 

jg cob id _ tan 

cot A - cot 3^ tan 3il - tan A 

tan 30 - tan 0 cot 30 — cot 0 

20. sin 80 = 8 sin 0 cos 0 cos 20 cos 40. 

21. (i) cos 50 = 16 cob®0-2O cos® 0 + 5 cos 0. 

(ii) sin 60 = 16 8in®0 - 20 sin®0 + 5 sin 0. 

cot®0 - 3 cot 0 


22. (i) cot 30 = 
(ii) tan 40* 


3 cot‘-'0-'l 

4 tan 0-4 tan®0 


1 - 6 tan®0 + tan*0 

23, (i) cos (120“ — .4) + cos A + cos (120” + id) = 0. 

(ii) cos® (A - 120”) + cos®id + cos® (A + 120”) = h 

24. ^ “ (2 cos 0 ~ l)(2 cos 20 ~ l)(2 cos 2®0 - l). 

(2 cos 2’*"^0-'l). 

[ TJso (2 Ci )3 0 + 1)(2 cos 0 - 1) = 2 cos 20 + 1. ] 

tan 2”0 


25 


fj 


tan 0 


= (1 + BCc 2e)(l + BOO 2*e)(l + sec 2®0)- 


•(l + sec 2"fi), 


[ Use tan 0 (1 + sec 20) = tan 20, ] 

y 

If ® “ 2^ + 1’ 

2** cos 0 cos 20 cos 2®0 -*'co3 2^'’^0 = 1. 
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27. (i) If tan jc == J/a, find the value of a cos 2a; + 6 sin 2 t. 

(li) If tan^a; + 2 tan a* tan 2|^-tan®l/ + 2 ta,rfy tan 2x, 
pro\e that each side = 1, or, else, tan x — ± tan y, 

isjii tan*0 =1 + 2 tfln^</», show that cos 2<i5> = 1 2 cos 20. 

If 2 tan a = 3 tan p, prove that 

5 ^c„!V 10. u.im] 

(li^ If ? show that 

^ tau(a-/^ + }0 tan j8 

nt}ic)\ sin (/? - y) - 0 , or, sin 2a + sin 2p + sin 2y =■ 0 . 

If a nnd jS are acute anf^les and tos 2a = 
f o - cos 2p 

show tliat tan a = s/2 tan i?, [0. U. 1941 ] 

31. If cos 0 = i (a + show that 

(i) cos 20 = i (a® + a“^). 

(ii) cos 30 = i Ofr® +a‘*®). 

Show that {Ex, 32 to 06) : — 


82. 

Bin^0 - 

^ - a 
¥ t 

1 cos 20 ^ 8 

COB 

id. 


33. 

cos'*^ + sin® 

0=1-! 

•nn 

20-1 

J sin^ 

29. 

34. 

tan (” 

1 

1 + tan 1 

[: 


“2 sec 

2A 

35. 

sin 30 


cos 

30 

r 

sin 4 0 


cos 0 

3 

+ &in®0 

3 


1 


86. 

cos ix ■ 

- cos 

‘h 






= 8 (cos X - cos f/)(cos a? + cos y){coQ x - sin y) 

X (cos X + sin y\ 



CHAPTER IX 

SUBMULTIPLE ANGLES 


46 . 


Prom the usual formula 0 for multiple angles, namely 


sin 2 A - 2 sin A eos A 

cos 2i4-=cos^i-sin“4 = 2 sin^il 

3 4 cos 2^ -= 2 cos^il ; 1 - cos 2A - 2 sin^il 


tan 2.4 = 


2 tnn A 
1 - tan^'il 


fain 3 A ~ 3 sin - 4 sin^^ 
cos 3^ = 4 cos*^ - 3 cos A 
3 tan A - tan®^ 
1-3 tan^il 


tnn 3 A ~~ ' 


putting A-^O and iO respectively we derive the following 
tormula? for snlnnultiple angles : 


sin 6*2 sin ^6 cos |6 


cos e = cos*^6 - sin^^a = 2 cos^^a - 1 * 1 - 2 single 
1 + 008*^6 = 2 cos^^a ; 1 - cos 6*2 sin^^a 


tan a 


2 tan ^a 
l-tan*ia 


sin a « 3 sin ^a - 4 sin^^a 

cos a= 4 co8®^a - 3 cos |a 

^ 3 tan ^a - tan® Ja 

1-1 tanH® ’ 

47. Values of sin 16 and cos id in terms of cos a. 


Prom cos 0-2 eos®ia- 1*1-2 
deduce 

sin ia* ± cosa) 

cos ja* ± ^/4(lVco8 a) 


we at once 
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48. Ambiguity of signs explained. 

When cos 6 is ^iven and not 0, d and consequently id 
has a series of values as will be explained in Chapter XI. 
Thus, 40 may lie in any quadrant and sm 40 and cos 40 will 
then have corresponding signs. 

If the quadrant in which iO lies he known, for example, 
when 0 is given along with cos 0^ tliere is no ambiguity in 
choosing the proper signs of ces 40 and sin 40 » as shown in 
the following example. 

Ex. Find sin 224** n/id 224®. 
t.m 22i'’ - + v'i (1 - cos lo®) = ^ ^ J2 - 

cob22r- + v'i(l + cob45°) = >y + 2 

49. Values of sin 1$ and cos id in terms of sin 6. 

We know that sin 0 ** 2 sin 4^ cos 40 
and cos’*4^ + 8in*40. 

Thereiore, 1 + bin 0 = (cos 40 + sin ioy\ 
and 1 - sin 0 = (cos 4^ ~ sin 40)*^» 

Hence, cos id + sin ± Jl + sin 0 

cos 40 “ sin 40 ■= ± Jl- bin 0. 

0 

Thus, COB 4©" ±Wl + 8in 6±5N/l-sin0 
and sin ±4 v/l + sin 6 + 1 >/l-6in 6. 

50. Ambiguity of signs explained. 

As before, when sin 0 is given, and not 0, 0 has a series 
of values for the given value of sin 0 as will be explained 
in Chapter XI ; 40 may therefore lie in any one of two 
possible quadrants. 
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COS + sin iO = aJ2 sin (Jti + id) 

and cos id - sin id - J2 sin {ijt - id) 

will bavo their signs determined accordingly. 

Thus, sin id and cos id will be definitely known. 

Ex. Fmd sin 15® mul cos 15**. 

We have, cos 15° + sin 15® = + >\/l + sin 30'* = \/i + i 

cos 15® -sin .'5®^ *r Ji - hIq 3(j°= Vl-^. 

[ cos 15°- sin 15**=: ^2 sin (Jtt-IS®) and is clfiarly positive. ] 

Thug, cos l.j° “• H <75 + Ji) - 

^ \ .j 

sin Ji)= 

51. tan is in terms of tan 6. 

lYom the formula, tan 0- ^ ^ f ? » 

1 - tan 40 

ue,t tiin Q tan’^ J0 + 2 tan 40 - tan 0-0, 


wo easily deduce 


tan 40 = 


- J± s/14 tan ‘"0 


Tlie reason of the ambiguity is similar to those of the 
previous cases. 

52. Ratios of ^6 from those of S. 

By solving the cubic equation 

sin 0-=^ 3 sin J0- 4 sin® 40 ••• ••• (l) 

wo get sin id, if sin 0 be known. 

Similarly, by solving the cubic equations 
cos 0 4 cos® 40 - 3 cos id 


... ( 2 ) 
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, , „ 3 tan — tan®lrS 

.and tane- stance 


(3) 


we derive values of cos -JO from those of cos 0, and of tan JO 
from those of tan 0 respectively. 

53. Ratios of 18" and 36\ 

Lot 0 = 18"; then 50 = 90"; 20 = 90" -30. 

. sin 20 = cos 30, or, 2 sin 0 cos 0 = cos 0 (1 cos®0 - 3). 


As cos 0 cos 18") is noUzero, we have 
2 sin 0 = 4 co3®0 - 3 = 1 ~ 4 sin®0, 
or 4 Bin®0 + 2 sin 0 “ 1 = 0. 


sin 0 


^2± n/4 + 16^(± x/O-]) 
8 “ 4 ‘ 


Now, as 0 here is a positive acute anjU©, therefore, reject- 
ing the negative value, we get 

sin 18" = J( V5-1). 

cos 18"“+ x/l-sin* 18° “ K \/l0 + 2 x/5). 
cos 36" “1-2 sin^lS" = J ( Jo + 1). 
sin 36"= x/l-cos^ 36" = i ( >/lb-2 x/5). 

Note. Since 54® and 36® are com piemen tary and 72® and 18® 
are complementary, from the above values we easily got the trigono- 
metrical ratios of 54® and 72®. 


54. Ratios of 3" and multiples of 3". 

sin 3" = sin (18" - 15") = sin 18" cos 15" - cos 18" sin 15" 

= ( n / 5 - 1 )( sf(i+ j2)-i(j3- 1 )( 

on substituting the values of sin 18", cos 15", etc. 

Similarly, 

COB 3" = i (x/3 + l)(x/5+ \/5)tTV (n/G- s/2)(x/5“1). 
From a knowledge of the ratios of 3®, 15", 18", 30", 
36" and 45", we can deduce the ratios for all angles which 
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are multiples of (for, 6* = 3C® - 30® ; 9® -46® -36®; 
12® = 30® -18® ; 21® = 3(r-J5® ; etc.). For auj^les f^reater 
than 45®, 'the ratios may be deduced from those of thoir 
complements which are less than 45®. 

,//Ex. Show that 

nn ir-2" cos^cos cos cos^nSm^^.- 

Qj X 

We have, sin :r = 2 sin ^ cos ' 

^ 2i 

sin y - 2 sin cos 

flC XX 

sin 22-2 sin g* cos 


Similarly, sin ^n-l “ 2 sin cos 

/j» ^ CT 

Hence, sin rr = 2” cos ^ cos cos 


o 3 


X . X 
'COB ^,6 siQ 


2 ” 


Examples IX 

Prove that (Ex, 1 to 14) : — 

1 


^ X ■ cos A . A 

1 . . «tan _ 

Bin A 2 


2 . 


^ I A ^ ^ • >1 

3. ^sin ^ ± cos “ 1 ± sin ii. 


4 . soc B + tan 6 *= tan (in + 

(i) 

(li) 


1 + cos J , A 
• yl cot 

Bin A 2 


[ C. 17. 1939 ] 


- / N 1 + sin B - cos 0 ^ ^ 

v) 1 . '“tan ’ 

1 + sm 0 + cos B 2 

.vSinia- x/l + sina __ , a 


1 . . — cot where 0 < a < ti, 

cosia - Vl + sin a 2 

and the square root is taken with positive sign. 


6. (i) 

1 - sm a: 


' tan' 




/..V 2_8in B - sin 20 ^ 
2 sin 0 + sin 20 


tan*j0. 
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2 /-N 1 + tan ii4 _ 1 + flin 
^ 1- tan iA cos A 
(ii) cot )5 = J {cot ip - tan ip). 

Q f.\ sin 20 cos 0 0 

* 1 + cos 2fl'l + coa0 2 ' 

(ii) R sin^iO 8 sin^JO + 1 ~ cos 20. 
o ^ 2 tan iO - l-tnn*^0 

*• •'"'’'l + Uo-i*' “”’l + ta„-i»’ 

11. (cos .r + cos t/) "* + (sin x +jsin p)^ - 4 cos^J (x - p). 

12. tan G° tan 42° tan 66° tan 78° = 3 . 

13. tan 7r -■= n/6 - ^3 + >^2 - 2. 

14. 2 cos tV^= n/2+ ^/2^- ^/2. 

15. ^i) If tan ^ tan ^ * show that 

, cos 0 - 
cos<jE»« • 

1 - c cos d 

(ii) If tan 0 = sin a sin P show that one of the 
cos a + cos p 

Tallies of tan 40 is tan ia tan ip. 

16. If sin a + sin P = a and cos a + cos p — b^ find the 
value of cos (a 4 /?). 

17. (i) Provo that 2 sin M = ± \/l4 8inil± v^l-sinJ, 

and determine which are the correct signs when 
270° > A> 180 ® [ n. U. U. L, 1931 ] 

(ii) If 0 = 240®, is the following statement correct ? 

2 sin 40« 0 - Jl^siu 0. 

If not, how must it be modified ? 

18. If -4 = 320°, prove that 

A “14- ^/l4-tan®i4 


(ii) If tan 0 « 


show that one of the 
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TRIGONOMETRICAL IDENTITIES 


65. Many interesting identitjes involving functions of 
three or more angles can be established when there exists 
a relation among the angles. The most important of these 
identities are those in which the three angles are connected 
by the relation that their sum is equal to two right angles. 
In estahlisliing tins latter kind of identit*es, it will lie nece- 
ssary to raahe frequent use of the properties of supple- 
mentary and complementary angles. 

Thus, since A + B-^ C-n, 

J5H C-Ti- A. 


sin (B + C) = sin (n - A) - sin A. 

Similarly, sin (0 + A)^sin B ;jfein (J + J5) =- sin C. ' 
Again, cos (B + C) = cos {n- A) - - cos A. 

Similarly, cos (C-h A) - - cos B ; cos (A + B)= - cos C. 
tan (B + C) - tan (71 - A)"^ “ tan A. 

Similarly, tan (C +il) = - tan B ; tan (A B)= - tan 0. 


... A ^B ,C 
Again, since, 2^ 2 


71 

2’ 


IB rC\ , In A 

Similarly, siu 


' COS 


' cos 


"^“(1 + 2)' 

cosj^ +^)-cos(f-|)-8in 


Again, 
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Bimilarly, cos | ^ 2 ) ” ^ * 

Similarly, tan ^ ^ + 2 ) “ 


G A' 
2 2 


B. 

2‘ 

a 


^an( ^ l = cot, 

56. Ex. 1. If prove that 

sin 2A + sjn 2B + sin 2C — 4 sin A sin B sin C. 

[ C. U. 193h *33, '36, H. S. '61 Comp. ] 
Loffc side “ (sin 2A + sin 2B) + ei/i 2C 

= 2 sin {A + B) cos (A- B)-^2 sin C cos C 

- 2 sin G cos (^1 - J5) + 2 sin C cos C 

[ i4 + B + 0«ir, 3 

~ 2 sin C [cos (A- B)-^ cos C] 

~ 2 sin G [cos (A-B)- cos (A f B)] 

[ ^4l5+0=^ir.] 

*“ 2 sin G . 2 sin A sin B 
“• 4 sin A sin B sin G. 

2. If prove that 

cos 2A + C 08 2B+COS 2C= -4 cos A cos B cos C-1. 
Left side = (cos 2 A +- cos 2B) + cos 20 

« 2 cos [A + B) cos (A ^ B) + 2 cos^O - 1 
= - 2 cos C cos {A - B)-^2 cos^O - 1 

— - 2 cos C [cos [A- B)- cos 0] - 1 

= - 2 cos C [cos (-4 ~ ^) + cos {A + jB)] - 1 

[•.* 4 + B+C«ir,] 

= -* 2 cos 0 . 2 cos A cos i? 1 
= ” 4. cos A cos B cos 0 * } . 
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Ex. 8. If A+B+C-> 3 t, prove that 

ABC 

Bin A + Bin B+sin C — 4 cos — cos-? cos r* • 

2 2 Z 

[ C. IJ. 1910, '29, H, S. '60 Comp. 1 
Left side == (sin A + sin B) + sin C 

= 2 sin ^ cos " +2 Bin ^ cos ^ 


.*os * + 2 sin fv cos 


• 2 cos 2 t; 


C 

2 


^ 2 cos 


r . 

cos ^ + sin 


•2 cos 




2 

A-B 


[■■• 

‘" 2 ) 

A- 


C 

2 

A B C IT 
2 2 2 “ 2* 


cos + cos ^ J 




^ 4 . -^4. ^ ^ 

2 2 “ 2* 


v/C 


o 0 ^ A B 
■■ 2 COB 2 ' 2 cos 2 cos ^ 

A ABC 
' 4 cos cos 2 <^os 2 ’ 


Ex. 4. // A + B + C - ;r, prove that 

• A B C 
cos A + cos B+cosC-1 + 4 sin ^sin ^ sin ^ 

Left side ■= (cos A + cos B) + cos C 


*• 2 cos 2 ““ y 


+ 1-2 sin^ 


n * ^ A““B '2 

“ 2 sin 2 cos ‘2 ■ • 2 sm 2 ^ 


r... 

122^2 2j 
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„ . or A-B . 01 , 
■2 SID ^ I cos ^ - sin 2 J + 1 


“ 2 sin 


^[cos- 


±B1 

2 J 


+ 1 


2 2 2 


^ , C ^ , A , B 
** 2 sin ^ • 2 sin 2 o ^ 

, ^ , A . B , a 
- 1 + 48in 2 sin ^ sm • 

Ex. 5. // A + B + C “ jr, prove that 

'iTan A+tan B + taa C-tan A tan B tan C* 

[ IL S. 1961 ] 

Since, B + C-n- A, 


tan (ii + C) = tan (rt — 

. tani? + tanC - 

l-tan’l?tanC 

2 .e., tan B + tan C— - tan A (1 - tan B tan (7) 

*= — tan A + tan A tan B tan 0, 
tan A 4- tan B + tan C = tan A tan B tan C. 


Otherwise ; 

tan (il + -B + C) = tan j* = 0. 

• ^^^n -4 j!i ^ C — tan A fan B tan C _ ^ 

1 - tan D tan G’ - tan C tan A ~ tan A tan B 

Since, the fraction is zero, numerator myst be zero. 

. tan A + tan D + tan G - tan A tan B tan C *= 0, 

^.c., tan A + tan A + tan C = tan A tan B tan 'C. 

Ex. 6. // A + B+C*-», prow that 

tan I tan ^ + tan | tan-| + tan | tan | - 1. 

[ 0, O. 1936, ’39 ] 
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Since, A + B + 


2 2 2 


*"“(2 ■‘•2)”^“"(2 "2)- 


^ S ,, C 
tan + tan ^ 

T , J5, C 

1 - tan 2 tan „ 


.A 1 

““*2-, A 
tan^ 


or, tan 


A 


tan + fan 




tsku 2 2 


On simplification, the required result follows. 
Otherwise . 


^ 

2 2 


' f 2) 

, , B, C' C, ^ 5 

1 “ tan tan ^ *” tan ^ tan 2 “ 2 

‘ * i A.. B , C~ T. W. (T 

tan ^ + tan ^ + tan - tan , tan tan ^ 

jQ 2 2 2 J 2 




cot ; 


= 0. 


Now the value of the fraction being zero, its numerator 
must be zero. 

1 - tan ^ tan ^ - tan ^ tan ^ tan tan 2 
whence the required result follows. 

Ex. 7. // A+B+C-3r,proii^ that 


A . B . C 

COB ^ +COS-=’ TCOS-r 
2 2 2 


. jr - A 3F-B x — C 
» 4 cos — — cos — 7 — cos — ; — 
4 4 4 


Bight side'=- 2 cos 
= 2 cos 
= 2 cos 


n — A 
4 

n — A 
4 

n- A 
4 


b 


n- B 

ros . cos 
4 




• 2^-(S + C) 

COB - 


r n + A 

[cos J 


. B-cn 

4 ‘-cos-^-J 


+ cos 


[ 2ir— (J3 +C)*.t+»— (B+C)“ r+4, since, A+B+C“=r. ] 
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^ 7 t + A,^ n-A B~-G 

- 2 cos . cos , + 2 cos - * cos . ~ 

4 4 4 4 

B+C B- a 

cos - - cos . 

4 4 

[*.• AfB + C«T,] 


= I COB ” + cos j 2 


A ^ B ^ 0 

== cos + cos 2 + cos • 


Note. Since, cos i(7r-i4) = 6in -(iir-J (Tr-A)}s=Bm J (ir+A) 
and cos J (ir- il) = cos J 4-C~i!l)«cos J (J5+C), 

we have also, cos J4 + cos Jil+cos JO 

= 4 sin J {tt + A) sin J (7r4 B) sin J (ttH- 0) 

= 4 cos i (B + 0) oos J (C + -4) cos J (A+E). 

ExT 8. // A+ B+ C » jr, prove that 

co8^A + cos®B + co8®C + 2 cos a cos B cos C — 1* 

[ G. U. 1932, ^37, ^47 ] 

C 03 ^^ + COS^^ f COb®C 

=■ J {2 cos ^-4 + 2 cos^T?) + cos^C 
= J(1 + COS 2-4 + 1 + cos 21?) + cos^C 
~ 1 + J (cos 2A + cos 2J?) + cos^C 
« 1 + cos {A + B) cos [A-B) ^ cos C . cos G 

-1- COR C cos (A- B) — cos G cos (4 + B) 

[*.* A+B^tt-C.] 

= 1 - cos C [ cos (4 - JJ) + co^ (A+B) ] 

= 1 - c os C [2 cos 4 cos B ] 

“1-2 cos A cos B cos C, 
whenoe the required result follows. 


Ex. 9. S/iow that 

tan (/3 - y) 4- taniY - a) 4- tan (a - fi) 

y) tan {Y - a) tan (a - fi). 
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Let 

th/^n iH-J5 + 0“j3-y + y- a + a- /? = 0. 

tan C)“ tan 0 = 0. 

. tan A + tan B + tan C = tan A tan B tan C. 

Now, substituting tlie values for A, -B, C, the required 
result follows. 


Ex. 10. If x-i y-^ 2 - xyZf prove that 

x{l ~ - c®) + 1/(1 - z'^){l - jr®) + zil - a;®)(l - y^) = 4:XVz. 

Putting rr“tan a, i/«tan P, ^ = tan y, in the given rela- 
tion. we ha\e 

tan a + tan p + tan y =tan a tan p tan V. 
by transposition, 

tan a (1 - tan P tan y) « - (tan p + tan y), 

, tan /J-t-tnny 

tan a = “ - . . , 

l~tan/Jiany 

(p ~hy), /. an0 + y«=7i. 

. ’ . tan (2a + 2P'i 2y) “ tan 2ji = 0. 

Therefore, as in Ex. 5 above, 

tan 2a + tan 2p + tan 2y = tan 2a tan 2/5 tan 2y. 

Now, expressing tan 2a, tan 2P, tan 2y in terms of tan a, 

tan pj tan y and substituting a*, y, r, for them, we get, 

2r 2v Sxyz 

1 - ^ 1 - '1/® ■*“ 1 - ” (1 - x'-Ki - yV(l - zV 

On simplification, the required result follows. 


- tan (p + y). 

2a + 2p + 2y = 2;i. 


Examples X 

If A-^B-^C^n, prove that (Ex. 2 to 16) - — 
sin + sin B - sin 0 * 4: sin ^ sin ^ cos • 

[ E. S. 1962 ] 

y 2* cot B cot C + cot C cot 4 + cot A cot B* 1. 
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• 3 . cot 2 + cot 2 ■*■ cot 2 == cot 2 cot - cot ^ • 

^^4. tan 2-4 + tan 2B + tan 2C = tan 2-4 tan 2B tan 2C. 

6. (cot B + cot C)(cot G + cot 4[)(cot 4 + cot B) 

= cosec A coseo B cosec C, 
g rot B + cot 0 ^ cot C + cot A ^ cot A + cot 

tan B + tan G tan G + tan A tan A + tan B 

7. sm ^ + BID 2 + am 2 • ^ 

. jt — A . n — B , n- G 
= 1 -r 4 sm . sin - sm , 

4 . 4 1 

, , , B + n . C + 4 4 +B 

= 1 + 4 sin - sin . sin 

4 4 4 

8 . cos® 24 + cos® 2B + cos® 2C 

= 1 + 2 cos 24 cos 2B cos 2C. 

9. sin®4 + sin®-R + sin®C = 2 + 2 cos 4 cos B cos C. 

4 , . 3 B , . 2 0 


10 . 


cos 4 


2 2 
COR B 


, ^ . A . B , G 

1 - 2 sm 2 sm sin ^ ' 

COR G 


,+ 'Tr „-2. 

sm B sm G sin G sm 4 sm 4 sm B 

[ 0,. (7. 2949 ] 

sin 24 sin 2B + sin 20 « . 4 . B - C 

12. . nl -' yi =*8 sm sm ^ sm - • 

Bin 4 + sin B + sin G 2 2 2 

13. sin (B + C - 4) + sin (0 + 4 - B) + sin (4 + B - 0) 

= 4 sin 4 sin B sin C. 

14. sin (B + 20) + sin (0 + 24) + sin (4 + 2B) 

, . B-C . 0-4 . 4-B. 

= 4 Bin -Q - sm -g- sm -g— • 

16. co 8®4 + cos®B + 2 cos 4 cos B cos 0 = 8in®0. 

.. 4 B-0^ B 0-4^ 0 4-B 

!#• cos 2 cos — + cos 2 COB — tT” 2 

*■ sin 4 + sin B + sin 0. 
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17. It a + P + y = in, prove that 

(i) sin®a +■ sin**/? + sin^y + 2 sin a sin i3 sin y =« 1, 

[ C. U. 1943 ] 

(ii) tan p tan y + tan 7 tan a + tan a tan ^ = 1. 

18. If At Bt Cf D are the angles of a quadrilateral, prove 
that 

/,x tan A + tan B + tan C + tan 1) 

^ cot A + cot B + cot C + cot 1) 

— tan A tan B‘ tan C tan D. 

(ii) cos'il + cos B + cos 0 + cos D 

*= 4 cos i + B) COB i (B ^C) cos J (C + A), 

19. Show that 

(0 coa’^ (j3 - y) + cos^ (y - a) 4- cos’* (a - fl) 

= 1 + 2 cos (P - y) cos (y - a) cos (a - p). 

(ii) 8in’*a + sin’*i5 + 2 sin a sin P cos (a + jS) = sin’* (a + P). 

(iii) cos’*0 + cos^ (a + 0) ~ 2 cos a cos 0 cos (a + 0) is in- 
dependent of 0. 

20. (i) If a + = y, show that 

€ 03 ^* 0 + COS^jS + COB^y = 1 + 2 cos a cos P cos y. 

[ 0 . U. 1940 ] 

(ii) If a + P + y = 2rt, show that 

co8*tt 4 cos®i5 + cos’^y - 2 cos a cos p cos y = 1. 

21. If cos (il + B) sin (C + D) = cos {A - B) sin (C - D), 
show that 

cot A cot B cot G = cot D. 

22. If -4 + J5 + C = 2S, prove that 

(i) sin (6' - ^) + sin (S ~ S) + sin (S- C)- sin S 

A . B , C 
= 4 sin 2 sm ^ sin • 

(ii) cos*il + cos*jB + cos®C+2co9 A cosBcosC-1 

= 4 cos S cos {S “ A) cos {S - B) cos (S - C). 



TBIQONOMBTEICAL IDENTITIES 


97 


23. If A+B + C = nn(n being zero or an integer ), 

tan A +tan B + tan C = tan A tan B tan C. 

24. Show that, if a + /3 + y = ji, 

tan (^ + y “ a) + tan (y + a ~ i5) 4 tan (a 4* jS - y) 

= tan (j3 4- y ~ a) tan (y + a - j?) tan (a -t- ^ - y).*^ 

25. - If -4 4- B r 0 = ;t, prove that 

(i) sin A cos B cos C + sin B cos C cos A 

4 - sin C cos A cos B = sin A sin B sin 0. 

(ii) cos A sin B sin C 4 - co^B sin C sin A 

4 - cos C sin A sin B = 1 + cos -4 cos B cos 0. 

(iii) sin 6A 4- sin 5B 4- sin 6C 

, 54 5B 5C 

- 4 cos cos cos 2 • 

(iv) (tan A 4* tan B ^ tan C/)(cot 4 + cot B + cot G) 

= 1 4- sec 4 sec B sec C. 

26. If cos 4 4 - cos B + cos C = 0, show that 

cos 34 4- cos 3B 4- cos 30 = 12 cos 4 cos B cos 0. 

C Write cos 3A = 4 cos’A-3 cos At etc. ] 

27. If a" f 2 / 4- 2 = Jti, prove that 

cos (x-j/-z) + cos (i/- z-'x) + cos (z-x-y) 

- 4 cos X cos V cos ;8I * 0. 

28. Show that 

sin (y-z)-^ sin {z--x) + sin (x - y) 


, . . y-z . z-x . x-y ^ 
4- 4 sin 2 2 2 


29. If ir 4 1/ 4 - 2 - 0 , show that 
cot (21 4 - a; - ^) cot (a? -I- 1/ - 2?) 4 - cot (cc 4 1/ - 2f) cot (// 4 - 2 - x) 
+ cot (1/ 4 2: - x) cot (2 : 4 a; - 1/) » 1 . 
so. If a; 4 2 " xyzt prove tliat 

8 ^ 0 * 3 cp “ x ® Sy-y^ dz-z^ 
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TRIGONOMETRICAL EQUATIONS AND 
GENERAL VALUES 

67* It will be apparent from Chapter IV that there are 
infinitely many anj^les, the trigonometrical ratios of which 
have a given value. For example, if sin 0 = i, one value of 0 
(the smallest positive valuer^ is known to be 30®. Now, sines 
of supplementary angles are equal. Hence, sin 150* being 
equal to sin 30* is also Again, angles differing from 30* 
or 150* by complete multiples of 360* will have their sines 
(in fact all ratios) the same. Tlius, sine of each of the angles 
30*. 150*, 390*. 510*. -330*. -210*, etc. is equal to i 

Similarly, if cos O be given, equal to say, 0 may have 

any of the values + 46®. + 816®, + 405®, - 315®, - 45®. etc. , 
or else, if tan0-“ JS, 0 may have anv of tlie values 60®, 
240®, 420*. -300*. etc. 

It is very convenient for the solution of trigonometrical 
equations, as also for other purposes, to obtain a general 
expression in a compact form embracing all angles, the 
trigonometrical ratios of which have a given value. 

58. General expression of all angles, one of whose 
trigonometrical ratios is zero. 

If the sine of an angle be zero, from definition, the 
length of the perpendicular from any point of one of its 
arms upon another is zero, so that the two arms must be 
in the same straight line. Evidently, therefore, such angles 
must be zero, or some multiple of n, odd or even. 

Thus, if sin 6*0, then 

n being zero^ or any integer, positive or negative. 
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When the cosine of an angle is zero, the projection of 
any length along one arm upon another is zero, and so the 
two arms must be at right angles to one another. The 

Ji 3n 

angles must therefore be evidently either -- or „ or differ 
from these by complete revolutions ; in other words, the 
angle may be any odd multiple of ^ * 

Thus, if cog6»0, then ©-(Sn + l) 

• Z 

n being zero, or any integer, positive or negative. 

Again, if tan then its numerator sin 6 is also zero ; 

and so 6 ■■ nar. 

Similarly, if cot ©■■O, then cos 0~O ; 

and so 0" (2n+l)|. 

Note. The ratios coseo 0 or sec 0 can never be zero, for they oan 
never be numerically less than unity. 

59. General expression of angles having the t^ame 
sine (or cosecant). 

Let a be any angle positive or negative such that its 
sine is equal to a given quantity k (numerically not greater 
than 1) ; for fixing up the idea, and for the sake of conve- 
nience in practice, the smallest positive angle having its sine 
for the given quantity h is taken as a. Let 0 be any other 
angle whose sine is equal to k. 

Then, sin 0 = sin a, 
or, sin 0 - sin a = 0, 
or, 2 sin i (0 - a) cos ^ 0. 

/. either sin “ a) “*0, 

i.e., i (0 - a) * any multiple of n » wa, ••• (l) 
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or, else cos i + a) “ 0, 

i{d + a) = any odd multiple of ^ = (2m I- 1) (2) 

JVom (l), 0-*a = 2m7*, i.e*, 0“a + 2m:*. •*•(3) 

From (2), 0 + a = (2m + l) ji, ix., 0 = ~ a + (2m + l) n * (4) 
Combining (3) and (4), 0 ^ ( - l)’’a + nn ••• (5) 

where n is zero, or any integer, positive or negative, odd or 
even. 

If cosec 0 = cosec a, then sin 0^sin a ; hence all angles 
having the same cosecant as that of a are also given by 
the expression (5), 

Thus, all angles having the sa77ie sine or cosecant as that 
of a arc given hy 2n7t + a and (2« + l) ji ~ a, 

or, ii;i: + ( — 1 )"a, 

60. General expression of angles having the same 
cosine (or secant). 

Let a be the smallest positive angle such that its cosine 
is equal to a given quantity k (numerically > l) ; and let 
0 be any other angle whose cosine is equal to k. 

Then, cos 0 = cos a, 
or, cos a ~ cos 0 = 0, 

2 sin i (0 + a) sin (0 - a) = 0. 
either s’n i"(0 + o) = O, 

i (0 + c) = any multiple of .T = n 71 •“ (l) 

or else, sin J (® “* a) = 0. 

2 >., H0 *■ a) " any multiple of ;» = nn. * • • (2) 

From (l), or (3) 

From (2), 0 * a * 2nn, or 0 = 2nn + a. ••• (4) 
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From ( 3 ) and (4), wo have d (5) 

where n is zero, or any integer, positive or negative. 

It is also evident as in the previous case that all angles 
having the same secant as that of a are also included in the 
expression (5). 

Hence, all angles having the same cosine or secant as 
that of a are given by 

2njc±a 

n being zero, or any 'integer, positive or negative. 

Note. As in Art. 69, instead of taking the smallest positive angle, 
wo might take a to be any one angle having for its cosine the given 
quantity k. The general value of $ satisfying 00 s ^ = cos a as obtained 
above, would not be aSocted at all. 

61. General expression of all angles having the 
same tangent (or cotangent). 

Let a be the smallest positive angle such that its tangent 
is equal to a given quantity ^ ; and let B be any other angle 
whose tangent is equal to k. 


Then, 

tan 0 = tail a. 

or, 

sin 0 ^ sin ® _ q 
cos B cos a 

or. 

sin 0 cos a - cos B sin a 

— m 

cos 6 cos a 

or, 

Rin(0-a) 
cos 6 cos a 


sin (d “ a) = 0, 

i,e,. 

0 - a = any multiple of n 


6 == a -b nn. 




( 1 ) 
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The, factor - cannot he zero, for cosine of an 

cos 0 cos a 

angle cannot have an infinitely large value. 

It is also evident as in the previous case that all angles 
having the same cotangent as that of a are given by the 
expression (l). 

Hence, all angles having the same tangent or cotangent 
as that of a are given by ' 

nsr+a 

n being zero, or any integer, positive or negative. 

Note. The remark below Art. 60 is applicable here also. 

62. Special cages. 

From Art. 59, considering both oases when n is odd or 
ev^n, it may be easily seen that 

if sin * 6 — 20^;+^ ■■(4n + l)'| 

and if sin 6"- -l-*8in | - -“j, G-2n5r - ^ 

or, ■•(4k+3)“ 

where n {orlc-n-l) is zero, or any integer, positive or 
negative. 

Similarly, from Art. 60, it may be seen that 
ifeosG®!, 6 — 2n?» 
and ifeos©"-!, ©■^(2n + l)jp 

n being zero, or any integer, positive or negative. 

These are the usual forms in which the above special 
cages are used in practice. 



EQUATIONS AND GBNBEAt, VALDES 


103 


63. Geometrical Treatment. 

(*) Geometrical construction of an angle whose sine (or 
cosecant) ts given, and to obtain a general expression of all 
such angles. 



Lei the sine ol an anslo he ^iveii equal to *a\ 

Taking the perpendicular lines XOX' and YOY' for 
reference, draw a circle of unit radius with centre 0. 

Measure off ON^a along OY (or along OT' if a be 
negative). Through N draw a straight line PNQ parallel to 
XOX^ meeting the circle at P and Q, 

Thou, Z.P0-T»a say, is one V the required angles, for 

• on XT 

8in a sin OPiV - Qp « ^ - a. 

Another angle with the same sine, as is apparent from 
the figure, is Z. QOX- n - a ( or Sti - a if a- ON be negative, 
which is trigonometrically the same as w - a ). 

‘a' being given in magnitude and sign, the position of 
N on YOY' is fixed and thus in one revolution, i,e„ from 0 to 
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271 there are, as is clear from the figure, only two angles 
a and n-a having the given sine.* 

Now, the addition or subtraction of any multiple of 2 ji 
makes no difference in the values of the trigonometrical 
ratios of an angle ( See Art. 28 ). 

Hence, all the angles having the same sine as that of 
a are contained in the formulae 2mn + a and 2vin + h - a 
(2?» + 1 ) 71 - 0 , wliere m is zero, or any integer, positive 
or negative Both tlie sets of angles are evidently included 
in the formula n* + ( — !)" a, n being zero, or any integer, 
positive or negative. 

{ti) Anfjles with qiven cosine ( or secant). 



Lei the given cosine be ‘a*. As before, measure off 
along OX (or along OX' if ‘a’ be negative), and 
through iVdrawPAT'O parallel to YO Y' io meet the circle 
with centre 0 and radius unity, at P and Q. 

* In the same quadrant there cannot bo two distinct angles (with- 
out being ooterminals) having the same sine, for the corresponding 
triangles will then be congruent. 
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Ijot ZPOX«a. Then, ct is a required anfjle. Also from 
the figure, tlie onlj^ angles in the first four quaclraqts whicli 
have the given cosine are a and 2rt - a. 

Adding or subtracting multiples of of 2?* to these, all the 
angles having the same cosine as that of a are given by 
2mx + a or 2?nn + 2« - a, both of which are included in the 
formula 2nx±a, n being zero, or any integer, positve or 
negative. 

o 

(in) Anqlps with qt'Vm tanqmt (or cotanqent). 



Let ‘a’ be the gi\eu tangent. Along OX or OX' measure 
off ON of unit length, and then measure off NP perpendi- 
cular to it of length whose numerical value is *a\ If be 
positive, both ON and NP will be positive, or both will be 
negative, and so the AXOP will he either in tho first or in 
the third quadrant. If Vi* be negative, the angle will be 
either in tho second or in the fourth quadrant. In any case 
there are only two angles, within one revolution, from 0 
to 2?* as is apparent from the figure, with the given tangent.’*' 

* The ratio PN : ON being given, and the included angle PNO being 
right, the triangle PNO constructed remains always similar to itself 
and so in the same quadrant £,PON of the triangle is unique. 
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One of the angles being a, the other is evidently (fjom 
the figure) « + a. Adding or subtracting multiples of 2 ji, all 
the angles having the same tangent as that of a are given 
by 2mn + a or 2mn + 71 + a both of which are included in the 
formula nn + a where n is zero, or any integer, positive or 
negative, odd or even. 

Ex. I. Solve 2 (cos®0-sm®6)“l. 

The given equation can be written as 

2 COB 20 = 1. cos 20 - i = cos ijt. 

26- 2njt± in. 6^nn±in. 

Note. It may be observed that a trigonometrical equation can be 
solved in several ways ; and the results though different in forms will 
give the same series of angles. To illustrate this wo work out the above 
example in another way. 

The equation can also be written in the form 
2 (cos* 61— 1 + 008 ^^)*= 1, or, 4 oos^^^S. 

. . 008 0*=^ ± « cos ^ » or, oob 

2 o 0 

fi^2mir± Z* or, 2mir±^« 
o o 

Now, 2mir ± (2m + 1 )t — » or (2w -!)■■+ g • 

All the four sets of solutions, ni being any integer, can be included 
in the expression fir + iir, in which form the result has already been 
obtained by the previous process. 

Ex. 2. Solve 4 cos^x + 6 sin^x * 5. 

The equation can bo written as 

4 co8*aJ + 6 sin® 2 ? = 5 (sin® a? + cos® r). 

8in®ir = coa®a;, or, tan®ar=l. 
tana’=±l. x-nn±\n. 

a 

Note. Equations of the form a eos^x^f b siD^zae can be easily 
solved by the above method, or by expressing sine in terms of cosine 
or cosine in terms of sine. 

Ex* 8* Solve 2 sin'^x + sin* 2x — 2, [ C. 0, 1940 ] 

The given equation can be written as 
2(1 - 8in®ic) - sin®2a? * 0, or, 2 cos®sr - 4 sin*x cos®a? =* 0. 
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or, 2 cos^iT (1-2 sin®a;) == 0, or, cos*^ cob 2r = 0. 

. ’ . either cos x = 0, ® + 4?*. 

or, COB 2 j; = 0, 2£r~2/t;»± x ^nn±i7i. 

Ex. 4. Solve cos d-smd"» 

Dividinf? both sides of the equation by -v/l®-Hl®, i.e., J2y 
we have 


1 ^ 

cose, j^-sme. ^^= 2 ’ 

i.e,y cos d cos i;r “ sin 6 sin 

cos (0 4- Jjj) = cos B + i:t- 2n:^± in. 

6 ^ 2nn j-jjTty or, 2nn'^xv^’ 

Note. Extraneous solutions. 


In general, as pointed out in Ex. 1 above, the same trigonometri- 
cal equation ma/ bo solved by diilerent methods, and the forms of 
the result wo arrive at, though apparently different in some oases, are 
ultimately equivalent. In some cases, however, we may bo tempted 
to solve a trigonometrical equation by methods which have flaws in 
them, leading to solutions which include in addition tr> the correct 
solutions, some extraneous solutions which do not satisfy the given 
equation. The given equation which is of the typo a cos 5 -ft sin 
is an example. Wo proceed to demonstrate it as follows : 


Here, cos 0 « sin 0. 

v-s 


cos®tf~ %y2 cos ^ + J*=8in*^-l-cos®f?, 
whence 2 cos® — n/2 cos 5 — J «* 0. 

n/2± n/2 + 4^1± s/3 X 

4 2^/2 


cos ^ * 


cos or, cos 


7t 

t 

12 


d'“2nir + >x*TTr, or, • 

But it can be easily seen on substitution that 
2nT~iVir and 2nir+x^irir do not satisfy the given equation. Tlu 
error in the method lies %n squari/ng the equation as *W6 have done ; 

for the squared equation includes the equation cos - sin 

i.e., cos ^ + sin ^=5 ^2 of which the solutions are 2wir-Ta’*’ 

2nir + i\x. 

Equations of this type are therefore bast solved as in the next 
example, and not by squaring. 
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Thus, lohiU soUivg any trigonometrical equation iU i& 
always aclfijisaUe to verify the roots obtained ; for thereby 
extraneous roots, if any, can be easily detected. 

Ex. 5. Solve a cos 61 + 6 sin 0 — c. ( c > + ) 

Put rt~7*cosa, 6-r sin a, choosini.^ tlio smallest posi- 
tive value of a, keepin?^ r positive. 


Then, r- Ja^ + h^ and sin a* 


Ja^+b^ 


and cos a - 

The sif^ns of a and h will determine the quadrant in 
which a lies, and a and h being given, r and a are definitely 
known. 

The equation now becomes 
r cos (G “ a) “ c, 


or, cos (0 - a) ^ - COB 

where p is the smallest positive angle whose cosine is 
sl(^'^b^' and a, 6. c being known, p is also known. 

Hence, B ~ a-2nn±P, or, G = 2»n4-a±/^. 

Note. An anglo ^hicb is introduced in a trigonometrical work to 
facilitate oaloulationa is called a subsidiary angle. Thus, a and p are 
lioro subsidiary angles. 


Ex. 6. Solve 4 cos ir + 6 sin a: = 5, (fiven ton 61** 21' ~ i. 
Dividing both sides of the given equation by \/4“ + 6*, 
by Jil, \Ve get 


4 

> , COSX + 

\'4l 

Since* tan 51** 21' “f, 


^^41 


bin 


n/'4i‘ 


( 1 ) 


sin 51® 21* 


5 


Jn 


cos 51® 21'- 


4 

Jil 
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.*• (J) reduces to 

cos X cos 51® 21' + sin x sin 51® 21' “ sin 51® 21', 
or, cos (x - 51® 2l0 - sin 51® 2 -= cos 38® 39 . 

x-5r 2l' = 2w7r±38® 39'. 

/ . X- 2n7i + 90®, or, 2nn + 12® 42'. 

Ex. 7. (i) Solve, 2 sin^x + sin^ 2.r = 2 for -jx < .r < ti. 
From Ex. 3 above, we see that iT = ?i7i + ••• (l) 

or, x^nn±\7i, ••• ••• (2) 

Putting n = 0, - 1 in (l), w3 get x-in, which lie 
in the given interval. Putting n = 0, 1, - 1 in (2), we get 
X— ±in, “ in wliich also lie in the given interval. 

Hence, the required values of x are ± in, ± in, ±in, 

(ii) Solve con 6 + J3 sin 0 = 2 

for -^2n 0 <i 2n and 3n 0 <Z bn. 

Dividing both sides of the equation by Vl + 3, i,e,, 2, 
we have 

cos 2 ^'2 

i,(\, cos 0.COS ^7* + sin 0.sin i7*=l, 
i.e., cos (0 - ^7i) = 1, 

d-in — 2nn, i,e,, d = 2nn + in. 

Putting n-0, "1, we get d = in, ~ Sti which lie in the 
1st interval. 

Again, putting w = l, 2, wo get d-in, “V«f which lie in 
the 2nd interval. 

Ex. 8. Solve tan ax = cot hx. 

Here, tan ax = cot bx = tan (Jn - hx\ 

. ax=‘ nn 4 - iji - bx, 

. _ 2^ + 1 n 

^ a + 6 2 
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Examples XI 

Solve the following equations {Et. 1 to 23 ) : — 
c6t®ir + cosec ‘"* 0 ? * 3. 
f 2. (0 2 cOR^O + 4 sin^^O - 3. 

r (;i) tau®0-3 cosoc^'O- 1. [ 0, U. 1939 ] 



tan T - cot ar = cosec x. 



4. 

cot X - cot -= 2. 



5. 

2 sin Q tan 6 + 1 ~ tan S + 2 sin S. 


6. 

sin 50 + sin 0*= sin 30. 



7. 

sin + sin fiO = 0. 



8. 

COB X + cos 3a; -f (fos 5a: cos 7a- - 

0. 


^9. 

cot 2t ~ cos a* + sin x. 



10. 

sin X + cos a: v/2, for - » < a* 

< n. 



sin 20* tan a: + J sin 2.r 4 tan x. 



12. 

cot X - tan X 2. 

[C. 

r. 1934, '37 1 

/ 18. 

sin «+ J3 cos X-- 

[C. 

V. 1938, '47 ] 

/14. 

2 sin X sin 3a: -1. ^ 



16. 

sin 0 + 2 cos 0- l.J 


[ 0. U. 1933 ] 

16. 

tan X + tan 2a- + tan 3» « tan x tan 2a: i 

tan Sir. 

17. 

tan (i^i + O) + tan (Jti - O) ~ 4. 


r C. U. 1949 ] 

18. 

tan X + tan 2x + tan x tan 2x-l. 

. [c 

' U. 1941, '45 ] 

19. 

cos 0 + sin 0 = J2. 


[ C. U. 1944 ] 

20. 

J3 cos sr + sin a: - 1, for - 2n < 

: X < 

2ff. 

21. 

cos 2a; = cos a- sin x. 



22. 

2 cot O' + sin a: ■“ 2 cosec x. 



28. 

cos X + sin a: cos 2a; + sin 2ar. 


[ 0. U. 1943 1 

24. 

Solve 2 sin^a: + sin a- = 3 ; and 

dnd 

all the angles 

between O'* and 1000® which satisfy it. 



26# Find the solution of the equations (general solution 
is not required) 

tan a? + tan V ^ 2 
2 cos a: COB y « 1# 
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26 . If tan aar - tan fcr = 0, show that the values of t 
form a series in A. P. 

27 . Solve 

(i) cos 3r + cos 2x + cos ac = 0. [ C. P. 1941 ^ *46 ] 

(ii) COB 9a; cos 7ir==cos 5x cos Sj, “ i^i < cc < i«. 

(iii) tan x + tan 2x + tan 3x = 0. [ A. L 1941 ] 

(iv) cos X - sin x - cos a + sin a. [ B. H, U. 1938 ] 

(v) cos*x cos X sin X “ sin’^x = ] . 

(vi) cos 6x + cos 4x = sin 3^ + sin x. 

/ sin a , cos a ^ 

(vii) . + n *“2. 

sm 2x cos 2x 

28 . Solve 5 cos 6 + 2 sin 0 ~ 2, given tan 68® J 2' “ 24. 

29 . Find those pairs of solutions of the following equa- 
tions which correspond to positive solutions less than 2?! 
of each individual equation : — 

(i) sin (a - - 0 ; sin (a + ^) = 1. 

(ii) sin {a- P)- cos fa + ^) = 4. 

30. If sin 4 = sin B, cos -4^ cos B, prove that i^ither 

A and B are equal or they differ hy some multiple of four 
right angles. [ C. U. 1936 ] 

81 . Show tliat the three equations 

8m®3""8in®a, cos®d = coB®a, tan^6-tan®a 
are all identical anu the solution is always nnta. 

82 . Show that the same two series of ant^les are given 
by the equations 

* + ; = tt» + ( - 1)" c and X - ^ * 2Mn ± i • 

4 o 4 3 
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INVERSE CIRCULAR FUNCTIONS 

64 . The equation sin 0-= re means that 0 is an angle 
whose sine is a*. It is often convenient to express this 
statement inversely by writing 6- sin'^ic. Thus, the symbol 
8iu'’^a: denotes an angle whose sine is x. Hence, sin“^a: is 
an angle, whereas sin 0 is a number. The two relations 
sin 0=*£r and 0 “sin"^ic are identical , if one given the 
other follows. The symbol sin~^a; is usually read as ^^stne 
inverse Sometimes it is also denoted by arc sin a*. 

Note. 8in“‘a must not be confused with (sin x)"^ i.e., ^ • 

sin X 

65 . We know that if 0 be any one angle whose sine is 
equal to X, then sines of all the angles given by wji + ( - 1)”0 
are equal to cr. Hence, sin^^a; has got an infinite number 
of values, and as such, &in“^£r is a vmltiple-vahied function. 

Hence, the general value of si7r^x-nn+ 1)^ sin~'^x 
where on the right-hand side sin’V stands for any parti- 
cular angle whose sine is x. 

Similarly, the general value of 
cos^^x ^ 2nn± cos'^^x 
and of tan'^^x. 

The smallest numerical value, either positive or negative, 
of 0 is called the principal value of sin”^®. Thus, the 
principal value of cin'^i is 30®. If corresponding to the 
same ratio, ‘there are two numerically equal angles, one 
positive and the other negative, it is customary to take 
the positive angle as the principal value ; thus, the 
principal value of cos*"^4 is 60®, and not (-60'*) although 
cos(‘“60®)»=i 
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In all numerical examples, the principal value is generally 
taken! 

cos'^^ir, tan“^£C, cosec“^£c, sec'^iT, liaVe * similar 

significance and all properties as those of sin'^a?. These 
expressions are called Inverse Circular Functions. 

66. If sin 3 = £c, then 0 sin” i.e., 0 = sin" "* sin 6. 
Similarly, d^cos"** cos ^ = tan”^ tan 6 ; etc. 

Again, if 0 — sin 0 = a;, i,e,, sin sin“‘*x*=x. 
Similarly, cos cos"‘‘x“X : tan tan"'*x-x ; etc. 

Also, we have 

cosec"'‘x = 8in"^ — ; cot“^x = tan"^ - ; 8ec"^x = cos"^ - • 

X X X 

Let cosec" = 0 ; then cosec 0 = re. 

. . 1 1 
. . sin 0 ■■ * 

cosec 0 X 


Hence, 0 = sin“^ ^ » and therefore, cosec“^£c==sin”^ ^ 

X X 

In the same way we have, cosec" ^ ^ sin"^jr. 

The other relations follow similarly. 


67. As all the trigonometrical ratios can be expressed 
in terms of any one, similarly all the inverse trigonometrical 
ratios can be expressed in terms of any one inverse ratio. 
Thus, let sin”^a; = 0 ; then sin 0 = £r, 

cos 0“ Jl-x^ ; tan 0 «• /^r 2 » ^ ; 

sec 0 *• a and cosec 0 ^ • 

Vl-ic* X 


« cot ^ sec -'7. 


X 

Jl-x^ 


-a 


1 


** coseo 
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To prove that 

^0) sin"^x + cos“'*x— 

(il) tan'^^x+cof^x— 

z 

(iii) cosec* ”*x+ sec" ‘‘x>=» —• 

(i) Ijet sia“^a; = 0 ; then sin 0 — x. 

Novv» sin d — cos (in “ 0), 

cos (in ~ 0) == a; and hence cos” ^a? = in - 0. 
Therefore, sin”^a7 + cos”^ir - 6 + in-0 = in., 

(ii) Let tan“^a* — 0 ; tlien tan 0~.r, 

Now, tan 0 cot (in — B), 

cot (in - 0) = a*, cot' ^.r ~ in - 0. 
tan" + cot“ ’.r ~ 0 I- in — 0 ~ in. 

(lii) Let cosec” then eosec 0 “ x. 

Now, cosec 0 ~ sec (in — 0). 

sec (in — 0) = a?. sec''^£c = in“0. 

/. cosec”'x ttec'’^x — 0 + in — 0 in. 


69- To prove that 

(i) tan“^x+tan"‘*y-* tan"'* 

^ 1 - xy 

(ii) tan"^x-taii"^y 


Let 

tan”^a?=*a ; and tan”^j/ — ^ ; 


then 

tan a=r ; and tan P'-=^y. 


Now* 

4. f A. ® **“ P 

tan(a + Pj*»'- . — 

. 1 — tan a tan P 

x-^y 

1—wy 
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a 4 /5 = fcan’’‘ 


ai + y , 
1-xy 


t.e., 


tan“^a:4 fcan 




x + v ^ 
1-xy 


Again, 


tan (a - j3) = 


tan a — tan P 
1 4 tan a tan P 


x-y ^ 
1 4iri/ 


a - /5 = tarr^ » 

l + xy 


tan“ ’ X - tan" ^ = tan ^ . ^ • 

1 4£r2/ 

Note. It can bo easily proved as above that 
rot'^ a:±cot“^ ?/=cot"‘ 

y±x 


7 ^#^ To prove that 

tan“‘*x+tan"'*y+tan*'*z- tan"** ^ - — 5S5.. 

1 - yz - zx - xy 

Let tan"^,r*a; tan“^2/ = /?; tan“^2r = y. 


tana = «’, tun p-y, ttiny-z. 

Now, Ian (a 4 jS + y) 

_ tan a 4 tan P 4 tan V - tan a tan P tan ? 

1 - tan P tan Y - tan y tan a — tan a tan P 
^ 03 4 4 2 - xyz ^ 

1- yz - zx - xy 


Hence, 


a 4 j3 4y = tan"^ 


x-^y + z- xyz ^ 
1-yz -*zx - xy 


Since, a 4j84y = tan“^aj4tan'“^?/4tan"^^?, the required 
result follows. 


Note. This relation can also bo dedaoed by applying twice the 
formula of Art. 69. Thus, 

Left aide® (tan"^aj4 tan“ ^y) 4 tan* 


«tan 


-1 x+y 

1-xy 


4 tan~*s ; now again apply Art. 69. 
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71. In fact for most of the formula) involving ordinary 
circular Unctions, corresponding relations connecting the 
inverse circular functions can be easily deduced. In addi- 
tion to those given above, some are illustrated in the follow- 
ing examples. 

Ex. 1. Show that 

(i) {x ±y 

(ii) cos'^^x± cos~'^y - cos'^ {aJ2/+ \/(l 

(i) Let sin“^ir — a. sin a =£C and cos a = >/l— jc® ; 

also let sin” sin i5 = 2 / and cos p- 

Now, sin (a ± /5) ■“ sin a cos p ± cos a sin p 

Jl-y^±y Jl-x\ 

.*. a±p {x sll-y^±y Jl-x% 

Since, a± j3~sin”^ic±8in“^y, the required result follows. 

(ii) These relations follow similarly from the value of 
cos (a±/3). 

Ex. 2. Show that 

(i) 2 {2x 

* 

(ii) 2' cos'^^x = cos^^ {2x^ - 1), 

(iii) 2 tafT^x-tan^^ 

1 ” JC 

(i) Let 8in‘^a;*a, /. sin a * cc, cos a = 

Now, sin 2c « 2 sin a cos a = 2T Vl - a;*. 

2a«=sin"‘^ (2® 

Since, a»fein"”^®, the requird result follows, 

(ii) & (iii). These relations follow similarly from the 
corresponding values of cos 2a in terms of cos a and tan 2o 
in terms of tan o. [ See Art. 43 ] 
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Note. The above three relations can also be deduced by putting 
a; f<pr ^ in the values of sin*^® + oos“*« + oos*’^!/ and 

tan"^®+tan**y. 

Ee« 3. Show that 

(i) 3 sirT^x- sifT^ (3a;-4aj®). 

(ii) 3 cos”V-»cos"^ (4a5®“3fl:). 

(iii) 3 tan'^^x tavT^ [ C, U. 1938 ] 

(i) Let sin“'.r“0 ; then sm 6 -a*. 

Now, sin 3d =3 sin 3 - 4 sin®3 = 3x “ 4a:®. 

3d, ix„ 3 8in”^a; = sjn“^ (3a; -4a:®). 

(ii) & (iii). These relations follow similarly from the 
corresponding values of cos 3d in terms of cos d and of tan 3d 
m terms of tan d. [ See i4r^. 44 ] 

Note. The result (iii) may also be deduced by putting y= 2 ^x 
in the formula of Art. 70. 


Ex. 4. Show that 


Let 


2 tan"^ x=8in“^ 


tan'^a;** d, 


2x 


1-1^ 

tan d = r. 






Since, sin 29 = j sg “ ^ f ^5, Ex. 1 ] 

29, «.e., 2 tan"’’ a; = 8in~^ 

tj. l-tan®9 1-®* 

Since, = 


and tan 29 > 


2 tan d 


2a: 


l--tan*d 1-a:® 
the remaining relations follow similarly. 
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Ex. 5. Show that 


tan 


^ , f +tan~‘^ ^■'- 


a 

— a 

1 + ca 


0 . 


l + ab 14-fec 

Isfc term of left side- tan“^a- tari“^6 [ By Art, 69 (ii) ] 

2nd “ tan”^6“ tan“^<'. 

3rd =fcan“^c ~ 

Hence, adding' np the Ihreo terms, the required result 
follows. 


Ex. 6. Show that 

2 tan'^ l + tan'^ i- tan'^ 

Since, 2 tan" tan i " u* [ See Ex, 4 ] 

X 


2 tan“‘’^i “tan'^ — ^^“tan 


Left 8ide = fcan‘’^ 


^ 5^* 


1 -T* 
Xff* 


Ex. 7, Solve 

. •! 2a , . -1 26 o i. -1 
1 a "*■ 1 ra • 2 tan x, 

1 + a 1 + 0 

[ C. U, 1947 ] 

Since, sin“^ ^ “ 2 tan*^ir, [ See Ex, 4 ] 


/. Left side •“2 tan" ^ ad- 2 tan“^6. 


.’. the equation reduces to 

2 tan’^a?-'2 tan‘’^a + 2 tan^^fc, 

/ . tan“^a: ~ tan“^a -I- tan“^6 * tan”^ 




a + 6 
l-aV 


a + 6 
1 - a6' 
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Ex. 8. Solve 

. -iSC-l, . -liB+l 
tan ^j-^+tan 

.T — 1 , .T^ 1 
^ X — 2 x + 2 

Left side *= tan — — — ^ * 

I __2 >1 


‘ fcan“ 


2 x^- 4 : 
- 3 


fcfie equation reduces to 

1 - s* = 


tan^ 

2 a;® -4 
-3 


-3 


tan*^J 


= 1 or, 2a;® = 1 or, .r -= ± 


./2 


Examples XIl 

Prove Ex, {l to 17) that : — 

1.(0 tan’^ J + tan’'’‘'i^-“i 7 i. 


(ii) tan“^.T + tan”^ i a " tan' 


3 .T~'a’ 


2a; 

(iii) tan“^ J + tan“^ J + tan^^ t¥“cot“'3. 

2 . tan"^ t®t + cof”^ V' ^ tan""^ 4 . 

3. tan“^ 1 + tan'^ 2 + tan*"^ 3 = 71 

= 2(tan‘“^ l+tan"^ i + tan"^ 4), 

4. (0 tan'^ .T + cof^ {x H 1) = tan~^ (a;® + a; + l). 

(ii) tan'^ ^ + fcan~^ a , ^ J! i ~ tan“^ ^ • 

P'tq + 1 p 


6. tan-^ a - fan-" c = tan’" + tan'" J • 

6 « tan"^ J + sin*^ S = tan'"^ ff. 

7. tan”^ 4 + tan“^i + tan*^ t + tan“ ^ J == Jti. 

[ C. U. m2 ] 

[ 0. U. 1937 3 


8. 2 tan" ^ 4 + tan"'^ 4 “ i«* 
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9. (i) sin (2 Bin"^a;)“2a! 

(ii) {cos (sin'^ac)}® (co8"^a;)}*. 

to. C 08 '’^ir *2 ain'^ coa^^ 

11. fcan“^ + ^ ^ ^ 

Am ' -1 /cr-h -1 /a-x . -i /x-h 

12. Sin w , = cos a/ 2 . “ a/ 

y/ a- b yf a - h 'V^^-^r 


13 


14. 

15. 

16. 
47. 
18. 

19. 


20 . 


21 . 

22 . 


fcan" ^ 


a-b 
1 + ah 


+ tan”^ 


h-G 
1 + bc 


+ tan ■*■ 


c-a 
1 + ca 


a^-h ,, -1 5 ®-c^ >1 

'tan _“““'2r 2 + tan a+tan - , 

1+a H-fo c 1 + c rt 


sec* (tan~^ 2) + cosec* (cof^ 3) = 15. 

cot” (tan 2t) + cot“^ ( - tan Scr) =■ x, 

sin“^ 4 + sin” ^ 1^3 + sin”’’ vf = [ C. C7. iPiii ] 

4(cot“^ 3 + cosec'' JS)^n. [ C. U, 1939 ] 

If tan*' a; + tail'' i/+ tan“' z = n, show that 
w + y + z- xyz. 

If tan*' X + tan“' y +tan*”' 5J = i», show that 
yz^ ZX + xy^l. 

If cos”' ir + cos”' y + coB*' z — n, show that 
a;* + y * + s* + 2zyz = 1. 

If sin*' a* + 9in“' i/ + sin'' z-n, show that 

X Jl-x^ + y Jl-y^ + z Jl- z^ ^'-^xyz. 

Find the values of 

(i) sin (sin"' i + cob“'“ i). [ 0. U, 1936 ] 

(ii) cot (tan*' u + cot*' o). 

(iii) tan I i sin*^ ^ ^ l+p)* 
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23. If y = 4 x, find y as an algebraic function 
of £C. 

24. If tan“^a;, tan'^y, tan*"^;? are in A.P., find out the 
algebraic relation between x, e. If in addition, a?, y, z 
are also in A.P., prove that x*^y = z. [ys^O, lor-1] 

26. Solve the following equations : 

(i) tan“^ (a5+-l) + tan“‘^ {a:-l)“tan“^ /x* 

(ii) tan = 

(iii) tan (cos'* ^ir) = sin (tan-^ 2). 

(iv) tan“^ l4-x~^ tan-^ip. 

(v) tan ^-+i + tan ^ 2 ^^^ = tan gg‘ 

(vi) sin’^ir + sin'^ 2a:- ”• 

^ d 

(vii) sin"^a; + 8in"^ (1 -a*) = co9“^ir. 

(viii) tan"*^ (a; ~ 1) + tan'^a; + tan"^ (a; + l) - tau*"^ 3a;. 

iix) tan i_^. + cot 2ir ’ 3’ 

(x) cot'^ (a; - 1) + cot" ‘ (a; 2) + cot’^ (a; 3) * 0, 

26. Show that 

f.x ,»ia;y + l. .-ly^ + l. ^ 

(i) cot + cot ~ “ + cot - “ * 0. 

x-y Z’-x 

(ii) tan (tan”^a* + tan"^y + tan*" ^ 2 ?) 

= cot (cot'^a; + cot^^y + cof^;?). 

(iii) tan"^ (cot a;) + cot"'^ (tan a?)*“;i-2a;t 



Migcellaneous Examples I 


1 . If 3 sin 0 4- 4 cos 0 = 5. show that tan 0 = j. 

2* If a* seeder -6* tan* 2 c = c*, find cosec x, 

3. If ® «r cos 0 cos <f>, y - r COB 6 sin 4^, z-r sin 0, shew 
that a;® f 1 /® =r*. 

4. = show IhaUan ( ” " 2 )“ -V®' 

5. If ar "" r sin (0 + 45^) and y -- r sin (0 - 45®), then 

8. If cos (a + i3) sin (V + 0) ~ cos (a -* ft) sin (v - 0), then 
tan 0 fan a Uin i? tan 7, 

Show that {Ex, 7 to 9) : — 

7. (cos x-cos vY + (sin ar^sin vY = 4 sin^ 

8. sin i4 + sin jB +■ sin C ~ sin (il + B + C) 

. . A^B , B + G , C + A 

■* 4 sin 2 2 ‘2 ' 

^ , . A + B + C . B-^C-A , C + 2 I-B . il + B-C 

9. ism ^ am ^ 2 2 

" 1 - cos“il - co 3®B - cos*C + 2 cos A cos B cos C. 

10, If tan j? = ^ f l^an a, tan /?, tan 7 are 
sin (a + 7) 

in harmonical progression. 

II4 If a + f y = ( 2 fi + 1) ^ ’ then 

• 

(0 tan /J tan 7 + tan V tan o + tan a tan jS = 1. 

(ii) sin 2a + sin 2^ + sin 2y = ± 4 cos a cos P cos y. 

It. If the angles B, 0 be in A. P., then 
sin A- sin C _ cos B, 
cosC-oos A sin B 
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13, If cosoc 24 + cofiec 2S + oosec 3C - 0, sliow that 
* tan A + tan B +• tan C -I- cot A + cot B + cot C » 0. 


14. 

then 

16. 


If tan a 


a sin ft 
1-a cos P 


and tan P - 


b sin a 

> 

1-6 cos a 


sin 0^0 
sin p h 
Sliow that 


tan 0 4-2 tan 20 t- 4 tan 40 + 8 cot 80 ■“ cot 0. 


16. If cos (0 - v) cos </» = co%(0 - »<> + v), then tan 0, tan </>, 
tan V are in harmonical progression. 


17. If 1 + cos {y- z) \ cos {z - .r) + ( os (a? - 2 /) - 0, show 
that either {y - z), or {z-a), or (cr* - y) is an odd multiple of n, 

18. If sin 0 + sin <<»= JZ (cos - cos 0), show that 

sin 30 + sin 3<^ = 0. 


19. Eliminate a and p from 

sin a + sin p-a, cos a + cos P^h, c os (a “ c. 

20. If 4 + B + C « w, prove that 

(i) tan B tan G + tan G Ian 4 + tan A tan B 

• 1 + sec 4 sec B sec G, 

(ii) cot 4 + cot JB + cot C “ cot 4 cot B cot C 

+ cosec 4 cosec B oosec C, 

21. If 4 + jB + C — 71, and if 

sin*4 + sin®JB + Bin*C * sin B sin G + sin G sin 4 
+ sin *4 sin J5, then 4 - B ® C. 

22. If 4, B, G be the angles of a triangle, and if 

cot 4 + cot B + cot C— s/3, show that the triangle 
is equilateral. 


2S» If sec ax + sec bx =* 0, show that the values of x form 
two series in A. P. 



CHAPTER XIH 


LOGARITHMS 

72. Definition of Logarithm. 

Logarithm of a number with respect to a given base is 
the index of the power to which the base is to be raised in 
order to give the number. 

Mathematically if a®==N, then is the index of the 
power to which ‘a* (which is called the base) is raised to 
give *N\ Hence, by definition, is the logarithm of 
with respect to the base ‘a* and it is usually written as 
X =* lOQa N. 

As a numerical example, logaS^S, for 2® =8 i.e., 3 is 
the power to which 2 is to be raised to give 8. Again, since 
3*«81, 4-log8 81. 

Any result involving indices can be expressed as a result 
in logarithm, and vice versa. 

For example, 

if then, g=*Jogpr, 

if m” = then n « logm 
or, fc*logjp(m”). 

Similarly, if logy a; * 2 ;, 
then 1 /* - X, 

It should be noted that the logarithms of the same 
number with respect to different bases will be different ; for 
example, to get the same number 64, we must raise 2 to the 
power 6, whereas we are to raise 4 to the power 3 and 8 to 
the power 2 only ; hence logs 64*6, Iog 4 64^3, logs 64-2, 

Thus, so long as the base is not stated, logarithm of 
a number has no meaning* 
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«7S. Special Cages. 

We know from Algebra that if a be any feal finite 
quantity, other than zero, then a** - 1. 

Hence, loga 1 == 0 ; in other words, 

(i) logarithm of 1 with rnspoct to any finite quantity 
(other than zero) as base^ is zero. 

Again, a being any quantity, - a. 

Hence, l = loga a. In other words, 

(li) logarithm of any number with respect to itself as base 
is unity. 

Note 1. If a*=*0, thon x— — oo if ^ > 1, and a® + oo if ^ < 1. 

Thus, W6 have loga 0»= Tcx> according as a > or < 1. Hence, 
logarithm of zero to a base greater than unity is minus infinity^ and 
to a base less than unity is plus infinity. 

Note 2. Sinoo the equation ^n(a and n being real positive 
quantities ), cannot bo satisfied by any real value of x, whether positive 
or negative, provided we consider the principal value* only of 
therefore, logarithm of a negative quantity ( in a system of logarithms 
whose base is a real positive quantity ) must he imaginary. 

74. Fundamental formula in logarithmg. 

From the definition it is clear that logarithms are but 
indices in another form. Hence, corresponding to the three 
fundamental results in the theory* of indices in Algebra, 
namely that if a, x, y be any real quantities, 

(i) = 

(ii) —a*'*' and 

(iii) 

we get three fundamental laws of logarithms which are 
given below. 

* 8se a treatise on Higher Trigonometry* 
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(i) loga (m X D)"-l0ga m + loga n 

ijfl other v^ords, logarithm of the product of two quantities 
18 equal to the 8 %im of their logarithms taken separately^ base 
remaining the same always. 

Proof, Put lo^^a m “ lof'a n *= y 
and Jo^’a (w >^n)-z 
then irom definition, 

= m, - n and - m x ~ a® -= 
so tliat* z^x + y. 

Replacing Nalues, 

loga (vm)- loga m + loga H. 

Cor. loga im.n.p )- logo m + loga + log i p + 

(ii) logi “log, u» - loga n 

in other words, loganium of the quotient of two numbers is 
equal to the difference of their logarithms (logarithm of the 
numerator minus logarithm of the denominator). 

Proof. Put loga VI = .T, loga u = y 

and loga 

Then, from definition, 

a® == w, =- « 

j g m a x-“v 
and a « *“ v = a 

n (r 

so that 

s — a;- V i 

or replacing values, 

logo I” j “ logo m - logo «. 
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(iil) loga (m)" n log. m. 

Or, logarithm of a power of a numh&r u the 4)rodnct of 
the poxoer and the logarithm of the number. 


Proof, Put lof?a m = a*, and loj/o «* z. 
Then, by definition, 
a* == m and 

a* 

z — n?\ 


or replacing values, 

loga {mY " n loga m. 


Ex. 1. Ileduce to a sirnple foim loja ‘ 

z 

lO'-'a = lO!-,, (!r*’i/«) - lOc'o (s') 
z 

= loga + logo / - logo s’ 

“ p loga x + q lego V - S logo S. 


Ex. 2. Simplify log^o n^b- 


l0glo^gg-=-l0g,0 (g “Jlogi 


-i 7 30 '' 

“ft iogio 2® 31 


5 “ 

2Ml 


[logio 10®-logio (2Ml)] 

= J [ 2 logio 10-*(logio 2“ +logio 
“ [ 2 ■“ 5 log JO 2 " logj 0 11 ], 


11 )] 


76. Change of base. 

There is a fourth standard formula whereby logarithms 
of numbers with respect to one base being given, those With 
respect to a different base may be obtained. The formula is 

log, m = logs m K log. b. 
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Proof. Put loga w = it, log6 nn-y and loga 

Then, from definition, 

a® - m, V* = w, a* = 6. 

Hence, a® « w =* = (a*)^ =” 

or, x-yz. 

Replacing values, 

loga = logi, m X loga h. 


Cor. 1. In the above result, put Then romem- 

bering that Joga a*“l, we get 

logb axlogt b-*!. 

Since, the above relation is very important, we add here 
an mdcpendcnt proof of it. 

Let logb a - ar, and loga b^y. 

Then, l/^a and a^-b. 


logb a X loga b=l, 

1 


or. logb a- 


loga b 


Cor, 2. The result of the above article may be written 
with the help of Cor. 1, in the form 

loga m*"Iogb m/logb a. 

Thus, if logarithms of both 7n and a with respect to b 
be known, logarithm of m with respect to a is obtained. 


78. Common system of logarithms. 

For all practical purposes wherever logarithms are used 
for numerical calculations, the base is usually taken as 
10. Logarithms of numbers with respect to the base 10 are 
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referred to as the Common Bystem of logarithms. The 
advantage of the common system of logarithms for practical 
applications will be clear presently, from the Article 77, 
Theorems I il' II. 


Note. In highor mathomatics, for theorfificnl investigations, 
another quantity (defined in books of Algebra), whoso value is nearly 
2'718..., is used as the base of logarithms, and logarithms to this base 
f are called Napiermn logarithms. 


With the help of the logarithmic series established in books 
on Algebra, Napierian logarithms of ^numbers are tabulated. The 

factor, which is known as tho vtadultis of the common system, 

logs 10 ^ .f y 

applied to tho Napierian logarithms ^^U1 cOTjvort them to common 
logarithms ( See Art, 7o ). Thus, a table ot common logarithms is 
prepared. 


Ilencoforth, we shall proceed with the consideration of 
the common system of logaritlinia, and the base beinp? 
understood to he 10, will not be written. 


77. Characteristic and Mantissa of common loffariihms. 

It is only in very few cases that the log^arithtfi of 
a number is integral. In most cases, however, the logar- 
ithm of a number is partly integral and partly fractional (or 
(locimal). 

Def. The integral portion of the logarithm of a number 
is called tho cha met eristic, and the decimal portion is called 
the mantissa. 

In case the logarithm of a number is negative, and 
partly integral and partly decimal, the decimal portion, 

.the mantissa is always kept positive by altering the integral 
part, Le„ the characteristic suitably. Thus, the mantissa 
part of the loqaiithm of a number is always positive. For 
instance, if the logarithm of a number is ~ 2*3, we write 
it as - 3 + *7 and call - 3 as tho characteristic and *7 (and 
not - *3) as the mantissa. 3 + *7 is often abbreviated in 
the form 5*7. 



130 


INTBBMBDUTB iKIGONOMBTBT 


Theorem I. The characteristic of the common logarithm 
of (i) any member greater than 1 is positive, and numencally 
cm less than the number of digits in the integral part of the 
quantity whose logarithm is sought; and (it) of any positive^ 
nujnber less than 1, is negative, and numerically one greater 
than the number of zeroes immediately after the decimal point 
in the quantity whose logarithm is wanted, 

(i) Let; the number be greater than unity. 

Any number, say 7'209, which consists of 1 digit only in 
its integral part, lies between 1 and 10. 

Now, 10** = 1 and 10^ *“ 10. 

Hence, if lO’"*™ 7*209, clearly x must be greater than 0 
and less than 1. 

Thus, log 7*209 must be between 0 and 1, i.e,, of the 
form 0*..,, having its characteristic 0. 

Similarly, numbers of the type 53*0528, which consists 
of 2 digits in tlieir integral parts must lie between 10 and 
100 i,6„ between 10^ and 10®. 

Hence, the index to which 10 should be raised to give 
53*0528 must be greater than 1 and less than 2, i.e,, 
log 53*0528 must be of the form 1’... having t.he character- 
istic 1. 

log 10 is 1, and 10 also falls in this catagory of two 
digits. 

In the same way, a number which has n digits in its 
integral part lies between 10’^"^ (which also has n digits) 
and (which has n’H* 1 digits). Thus, the logarithms of 
such numbers must lie between w-l and n, i,e,, (a-l) 
-b some positive projjer fraction. Hence, the characteristic 
in such cases is n * 1. 

Hence, the result. 

*Logihrithnis of negative numbers are easily seen to be imaginary, 
for there is no real power, positive or negative, to whioh 10 may be . 
raised^to give a negative result. [ See Note B, Art, ?S ] 



LOGABITHMS 


131 


(li; Let the number be positive, and less than 1 
between 0 and ]). 

We notice that 


10® 

= 1 

10"^ = ^ 

10 

= ’l 

10"*= ^ 

100 

= ’01 

10"* = 

1000 

= 001 

10"*= - 
^ 10000 

= ’0001 


etc. etc. etc. 


Now, a number less than 1, with no aero immediately 
after the decimal point, like *30] 5, must be j^reatar than '1 
and less than 1 ; hence, the power lo which 10 must be 
raised to give such a number must lie between - 1 and 0, 
i.c., = ~ 1 + a positive proper fraction. Hence, such 

numbers have the characteristic of their logarithms = -“1. 


A decimal number with one zero immediately after the 
decimal point, like ‘078005, lies between '01 and ‘1 which 
are respectively equal to 10”* and 10'^. 

Hence, if 10® = ’078005, t must lie between - 1 and -2, 

t.e., X is of the form - 1’ Writing the deoinial part of 

X positively, in the form -2 + ’ we notice that the 

integral part of a;, t.c,, the characteristic of the logarithm of 
‘078005 is - 2. 


. Similarly, the logarithms of numbers between *01 and 
*001 (z.c., 10"* and 10" *) which must have two zeroes after 
the decimal point, lie between *“ 2 and - 3, z.e., are of the 

form -2' «-3 + ' , and so the characteristic in 

such cases is —3, 

and so oiu 
Hence the result. 
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Theorem II. All numbers, fo) mod of the same in 

the same order, dijferinq only in the positions of their decimal 
points, have the mantiss^e of their loqanthms same. 

This will he clear irom an example. Lot us take the 
numbers 835107. 835107000, 83*5107, ‘835107, *000835107 
and 83 ^>1*07, 

Now. 830107000 - lof- (835107 x 1000) 

-lo^^ 835 107 + lop, 1000 
-lop 835107 f 3. 

835107 

Again, log -log 

- log SSfjlO? - lop 10000 
-log BMIO?--!. 

log •HOlin? - log - log 835J07 - C. 

S8r)l 07 

log -000830] 07 - log J y 9 ' - log 833107 - 9. 

log 8301-07 - log ^ ■= log 8361 07 - 2. 

Thus, ilio logarithms of all the numbers liere differ from 
the logarithm of 835107 by a whole number m each case 
and so must have their decimal parts, 7.c., their mantissa) 
the same as that of lop 835107. 

In fact, numbera formed of the same dipits in the same 
order differiiip only m the position of their decimal points, 
must have their ratios equal to an integral power of 10 and 
so must have tbeir loparithms dilferinp only by a whole 
number. ‘ 

Hence the result. 

The t^o theorems above given show that (i) the charac- 
teristic of the logarithm of a number can be found by 
a simple glance at the number and (ii) that for the mantissa 
part of the logarithm of a number, we need only take into 
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account the digits of which the number is formed, without 
taking any notice of the position of the decimal point in it. 
In logarithmic tables, only the manbissaj of the logari- 
thms of numbers are therefore given. 


Those constitute the special advantages of the common 
system of logarithms. 

78. Examples worked out. 


Ex. 1. Sivhplifij 

V(18. v/2)* 

Ion 2 -*30103 and Ion 3 -*4771 213. 


lo'j 


and find its value, nioert 


The ghen exp. — log 


-log 


(I8.2V 

2*(2.3®.2^)' 


log 


10^.2^® 

2^ 3^.2^ 


= log “ log 10^ - log (2^® X 3^) 

2^.3^ 

= J log 10 -dog 2^® + log 3^) 

= ilog 10-iSlog2--|log3 

and its value is 

il- Ju (’30103)- -I (*4771213) 

- *25 - '196G695 - '31S0809 

- -l + *7362496 
-T7362496. 


Note, log 5 -log-V*-® log 10- log 2*1 -log 2 and hence log 6 ia 
dednoible Crotot log 2. 

Ex. 2. Prove that 

7 log V* 2 log f I + 3 iog Si » log 2. 
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The left-hand expression 

- log (W- log (#!)•+ log (M)" 

“log 


3‘ \» /SX2»_X2*\*1 

log llgaj X ^ xy I I 


, /lO’ 3^* 3 *x2^®\ 

‘‘°®(3^*’‘i0‘x2*'‘ 10* ) 


= log 2. 
Alternalive method 


Left side 

= 7 (log 10 - log 9) - 2(log 25 - log 24) + 3(log 81 - log 80) 
= 7{log (5 X 2) - log 3®} - 2{log 5* - log (3 x 2*)} 

+ 3 {log 3* -log (5x2*)} 

= 7{log 6 + log 2-2 log 3} - 2{2 log 5 - log 3 - 3 log 2} 

+ 3{4 log 3-log 5-4 log 2} 

= log 2. 

Ex. 3. Find the number of digits in 4^*, having given 
log 2 = *30103. 

We ha^’o 

log 4^“ -log 2*° = 30Iog2 

= 30 X -30103 = 9*0309. 

Honce, since the characteristic of log 4'® is 9, 4^* must 
consist of 10 digits. 

Ex. 4. Find approrimatelg the 1*^ root of 35*28, having 
given log 2 = *30103, ior; 3 = *4771213, log 7 = *8450980 and 
log 1197*342-3*0782184. 

then log a; « [2 log 7 + 2 log 3 + 3 log 2 - 2 log lOl 

• + [2 X *8450980 + 2 x ’4771213 4 3 x *30103 - 2] 

« '0782184 nearly* 
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Npw, log 1197-342 -3‘0782184. 

log ri97342 = ‘0782184, having characfcgrifltio 0, 
but mantissa same as that of log 1197'342. 

Hence, x = 1*197342 approximately. 

Ex. 5. Obtain an approximate numerical solution of 
2®.3^®=100, having given log 2 = '30103, log 3 = '47712. 

We have 

2^3'*"^ = ^0^ . 
log (2* 3"^) = log 10". 

I.C., ® Jog 2 + 2.r log 3 = 2 log 10 = 2. 

2 ^ 2 

‘ ” lot* 2 + 2 log 3 ” ‘30103 + 2 x ‘47712’ 

Note. Equations of this typo are called Exponential equations. 

Examples Xlll(a) 

[ Use the values : log 2 = ’30 103, log 3 = ‘4771213, 
log 7 = *8450980 when required, ] 

1. Find the logarithm of (i) 1728 to the base 2 x/3, 
(li) cos®a to the base sec a, 

2. Find log lo 10000. 

3. Show that logio 2 lies between ^ and i. 

[ G. U, 1926 ] 

4. Prove that 

(i) loga m X logft n = logj, m x log® n^ 

(ii) log 3 log 3 log 2 16=“1. 

5. If log# m + log# n = logs {m + »), find as a simple 
' function of n. 

6. Prove that if a series of numbers be in G.P., their 
logarithms are in A.P. 



136 


INTEBMEDIATE TEIGONOMETBT 


7. Prove that 

2 loj* a + 2 log + 2 log a® + + 2 log a” 

« (n + l) log a, 

8. II X is i) 08 itive and less than unity, show that 
log (l + jr) + log (l + £c“) + log (l 4 x^) + log (1 + 0 *®) + to «> 

- log (1 - x). 

9. F)iini)lify 

(i) logs ^/6 H logg 

/..X log k/ 27 4 log 8 ~ log v/jOiK) 
lo« 1-2 

10. Find Ion (•0025)’ ami log 
11* Prove tliat 

(i) loga h X logo c X logf a ■= 1. 

(ii) logrt X - iogb X X log,, h X log^i c... x logn ^ loga 

12. Show that 

(i) 7 log M 4 f) log 4 3 log U « log 2. 

(ii) 7 log H + 6 log § + 5 log i 4 log - log 3. 

13. Extract tho fifth root of 8i, having given 

log. 2425805 = 6’3848559. 

14. Calculate (*0020736)'’^, having given 

log 41369 = 4'6166750. 

16. Simplify 

I J 8^x14^^^ 

(0 log 'y/ ^ X ^60 ’ 

(>i) \/^62'5^’ given 

log 898665 »6‘9535977. 



LOOABITBMS 


137 


16. Find the value of 64 {l-{r05)*®®j, having given 

log 24121 --4‘382394. 

17. Find the number of digits in (i) 2*”, (ii) 

(iii) (540)“. 

18. Find the number of zeroes after the decimal point 
before the first siguificaut digit in the expressions 

(i) (-024)“. (ii) (iii) 

19* Solve the oqaations : — 

(i) 3^-2. (n)3^*-7. 

(in) 5“* ■' 7^+*_ 3*^-8. 

(iv) 2* = 3'' ) (v) 7^+‘'>;3“'-'’' = 9 \ 

2w+i_3x-i/ 3‘-v + 2'~“*' = 3'1 


• 20, (i) If lo^» “ a, 1 o« I ^ I - find log rr and log y. 

(li) If lab, show that 

log {-4(^1) + b)\ -- i (log a + log b). 


21 . 

22 . 


log £r ^ 
y- z z- X 


show tliat T^y''*z^ ~ L 

x-y 


Why is log (1 4- 2 + 3) = log 1 + log 2 + log 3 ? 


23* If a, h, r, he in G.P., show that 

loga iPi log6 a", logc X are in H.P. 

24, If a, - h, = c, prov^ that 

{m - n ) log a + (?* - 1 ) log fe + (Z - 771) log c = 0. 


log® Ibgi/ 


z(x^y-z) , ,, , 

, * show that 

log z 
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79. Tables of Logarithms and Trigonometrical 
ratios. 

Several znathematical tables correct up to five places of 
decimals are given at the end of the book. An explanation 
of the tables is given below. 

Table I gives the common logarithm of all numbers 
from 1 to 10000, ix., those which consist of 4 digits or less. 
The tabulated quantities are the mantissae only, correct to 
five places, with the decimal point dropped. The characteris- 
tic is to be supplied according to the rule given in Art. 77. 
The main body of the table gives logarithms (mantissa part) 
of numbers of 3 digits, and the mean difference table at 
the side supplies the increment in the mantissa due to the 
fourth digit. This increment is written, in order to save 
space, giving the significant digits only, which are to be 
supplied with the necessary number of zeroes to make up 
5 places (here the table being a five-figure table). Thus, 
*00024 will be written as 24 only in the difference table. 
As an example, to find log 2*697, we notice from the table 
that the mantissa for log 269 is *42975, and along the same 
row, the difference table gives J 15 under the heading 7. 
This means that for 7 m the fourth place of the number 
(i.c., for the number 2697) the incremeat in the mantissa 
will be *00115. Hence, log 2697 will have its mantissa 
*42976+ ’00116- *43090. Again, log 2 697 has the same 
mantissa but its characteristic is 0. Thus, log 2*697 
-=0*43090. 

Table II gives ordinary sines and cosines (usually 
referred to as natural sinra and cosifin) of all angles from 
0* to 90’ at intervals of l', sines being given from the left 
side of the top towards the right and downwards, and 
cosines being given from the right side of the bottom to- 
wards the left and upwards. The table is arranged in such 
a way that the sine of any angle given is the same as the 
cosine of exactly the complementary angle, and it is on 
this arrangement that a single table serves as a sine as well 
as a cosine table. The main portion of the table gives sines 
or cosines of angles at intervals of 10', and the difference 
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table at the side gives changes in the value of the sine or 
cosine for changes in minutes in the angles. It should be 
remembered that as an angle increases from 0*** to 90**, its 
sine increase from 0 to 1 wherease its cosine decreases from 
1 to 0. Hence, tke chanries given in the difference table are 
to be added in case of sines and subtracted in case of cosines 
for the increased number of minutes in the angles. More- 
over, as in Table I, the numbers in tho difference table are 
to be made up to five places of decimals by supplying the 
requisite number of zeroes before it. For example, using the 
table, sin 53** 23' = •80212 + ’00052 = *80264 and cos 20* 42' 
= *86892 - *00029 = *86863. ' 

Table III similarly gives natural tangents and cotangents 
of angles from 0** to 90®, obtained at intervals of 1' with the 
lielp of the difference table. The quantities in the difference 
table, being made up into five figures, are to be added in case 
of tangents and subtracted in case of cotangents for increased 
number of minutes in the angle. 

Table IV gives logarithmic sines and logarithmic cosines 
of all angles from 0® to 90* at intervals of l' (with the aid of 
the difference table). Logaritlimio sine of angle 0, written 
as L sin 6 means 10 + log sin 0, and similarly, logarithmic 
cosine of 0, written as L cos G means 10 + log cos 0. In 
taking logarithms of trigonometrical ratios of angles, it may 
be noted that sines and cosines of angles are numerically 
less than unity, and tangents of angles between 0® and 45* 
as also cotangents of angles between 45* and 90* are less 
than unity. Hence, logaritiims of these quantities are 
negative. To avoid using negati're values in tho tables, 
ioqariihms of trigonometrical ratios are always tabulated 
after adding 10 to them. Thus, the table gives L sin 0 and 
L cos 0 (and not log sin 0 and log cos 0). 

Table V gives logarithmic tangents (i.e,, L tan 0 = 10 + 
log tan 0) and logarithmic cotangents (i.e,, L cot 0 = 10 + 
log cot 0) of all angles from 0® to 90®, obtained at intervals 
of l' with the aid of the difference table* 
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80. Principle of Proportional Parts. 

9 

Suppose "we find from table 1 the logarithms of the two 
numbers 61357 and G258» and we want to find the logarithm 
of 6257 h , or that we hnd from tab^e III, tan 53** 23" 
and tan "iS’* 21", hut wo want to find tan 53** 23 20" , or 
similarly, from table IV, we get/y cos 37** 42 and L cob 37® 43' 
but we want to find L < ob 37® 42' 4S" how aie we to 
proceed > 

« 

In order tr meet Buch cases, tlie ‘Principle of Propoi- 
tional Paits’ may he used The pnnoiple may he stated 
as follows 

If the laliu of a qiumtitv (lepemhna on a lanahle qtian 
tity X he tabulated for diihrent i alius of 'i at regular small 
mteivaU, then in most lases, for a ''ay small change in x 
(whfch ts callnl the (U a ament) the loyiespomhng small 
change )n the tahalatui qnanUtij (caJUd the f unit? on of the 
mgument) ts piopoiiional to the chaiige in n 

We shall assume the truth of this principle , foi a strut 
proof of it, with the proper restriction under which it is 
true, depends on the use of Calculus. For the tables with 
winch we are concerned, it is true for all practical purposes 

The application of the principle is illustrated in the 
following’ examples 

Ex. 1. Gnen log 63374 = 4’8019ni and log 63375- 
4*8019180, find log 63*3743 and find the number whose 
logarithm is 2*8019136. 

Here log 63375 - 4*8019180 

and log 63374-4*8019111 
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Hence, for an increase of 1 in the number, the increment 
in the logarithm is *0000009. (This is usually# spoken as 
‘diff. for 1 is 69' ) 

Therefore, by the Principle of Proportional Parts, increase 
in the logarithm for an increase of *3 in the number is 
‘3 X -0000069 -'00000207 

= *0000021 , up to seven places. 

Hence, log 6‘J 17 1*3 = 4*8019111 4 *0000021 
= 4*8019*132. 

.*. log 63'3743 = 1*8019 132. 

Again, 4*8019136 lies between 4*8010111 and 4*8019180, 
the difference from the former being *0000025. Hence, 
4*8019136 is tlie logarithm ol a number lying between 63374 
and 63375, say logarithm of 63374 + a*. 

Then, diff. for 1 being 69 (i.c., *0000069) and diff. for x 
being 25, (?.c., *0000025), by tlie Principle ol Ih'oportional 
Parts, wo have 

69 : 25 :: 1 : X 
or, X-- si - ‘36 

Hence, log 63371*36- = 1*8019136. 

The required number wlioso logarithm is 2’80 19136, 
having the same mantissa, must ho formed of tl^e same 
digits arranged in the same order, and its characteristic 
being - 2, the number must be ‘06637436’“ 

Ex. 2. (i) Givm L Un 37° 43' 50" = 9*7867152 
L sm 37° 44' =97807.424, 

fi 7 i(l L sin 37° 43' 56". 

(ii) Given L tan 79° 51' 40"- 10*7476657 
L tan 79° 51' 60" = 107476872, 
find the angle whose L tan is 10*7476532. 


[ 0. tr. 1921 ] 
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In (i) difl. (in the valae of L sin) for 10" (diff. in angle) 

= 272 (j.e.. ’0000272) 

hence, difif. for C"-* A x 272 = 163’2 i.f., ’00001032 
and so L sin 37" 43' 60’ - 9’7867152 + ’0000163 
= 9’78G7315. 

In (ii) the angle whose L tan is 10’7470532 evidently 
lies between 79" 61' 40" and 79" 51' 50". 

Let the angle be 79" 51' 40" + a'’. 

Now. diff. (in the value of L tan) tor 10" (diff. m angle) 

-= 1215 ’0001215) 

and diff. for !r" = 875 

(t.c.. ’0000875, being 10’74 76632- 10’7475657) 

Thus, the required angle is 79" 51' 47"’2. 

Ex. 3. Given cos 58" 17' = ’5257191 and ihff. for l' 
= 2474, cos 58" 17' 20". 

Here, diff. for 1' ?.c., 60" = 2474, 

.’ . diff. for 2 )" = f § X 2474 = 825 (nearly). 

As for increasing angle, cosine diminishes, 
cos 58" 17' 20" -’6257191 -’000082) 

= ’6256360. 

Examples Xlll(b) 

1 . Given log 18’906 = 1’2765997 

and iog 18’907 = 1’2766226, 
find log 1890’635. 

2 . Given log 69714 - 4’8433200 

log 69716 -4'84S3262, 

find log COOOeOTldS)* 
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JJ. Given log 37G02 - 4M752109 
log 37G01 =4-5751994, 

find the number whose logarithm is 1‘5752086. 

4 . Given log 3 = -4771213 

log 74008 = 4-8692787 
diff. forl' = 59, 

find ( 09)^. 

6. Given cos 32* IG' - -8455726 
and 008 32“ 17'“ -8454172, 
find the value of cos 32“ 16' 2l" 
and find the angle whose cosine is -8455176. 

6. Find tan 38“ 24' 37"5", having given 

tan 38“ 24' = -7925902 and fan 38“ 26' = -7930640. 

7. Given L sm 44“ 17' = 9-8439842 
and L sin 44“ 18' = 9'8441137, 

find L sin 44“ 17' 33“. Deduce the value of 
L cosec 44“ 17' 33". 

8. Given L sin 36“ 24' - 9 7733614 

L sin 36“ 25' = 9-7735327, 
find the angle whose L sin is 9 7734642. 

9 . If L cot 53“ 13' = 9-8736937 

L cot 53“ 14' = 9-8734302,* 
find 0 where L cot 0 =9'8734523. 

’ 10 . Given L tan 22“ 37' = 9-6197205 
diff. for l' = 3657. 

find the value of 

L tan 22“ 37' 22* 

and the angle whose L tan is 9‘6195283. 
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11 . Prove that, 6 hein^ any acute angle, 

L sin 0 f Jy cosec B-L cos 0 + Zr sec 0 

“■ 7f tan 0 + L cot 6 = 20. 

12 . G'ven L cos iO'- 9‘G042lll, End L sec 3G‘’ 40'. 

18. Given L cos 34° 44' - 9-0147720 
L cos 3 4° 45'-9‘9l4(;852, 

End the value of L cos 34"* 44' 27". 

14 . Given L sin 3()° 4(»' - 0-77()08^'7 

fj cos 3G® 40'-9’90i2m, 
find Fj tan 3G° 40'. 

15 . Piove tliat the fliEerence of tabular lo{.^arithms of 
any two ratios is equal to the diilercncc of the logarithms 
of those two ratios. 

16 . If sin 0 ^ '8, End 
given lo'^ 2 ~ '3010300 

Z sin 53° 7' -9*9030 136 
Fj sec 36° 52'«10'0%S9]G. 

17 . Find the ^alne of 

sin 17' X cos 77° 23' 
tan 27° 3 2' 

given L sin 12° 37' ^9*3393 

L cos 55° 43'-9'7507 
L tanG2° 48'- 10'2891 
and log 23*9 4 =* 1*3791. 



CHAPTER XIV 

PROPERTIES OF TRIANGLES 


81. In a triangle ABC, there are six parts, the three 
sides and the three angles. It is usual to denote the angles 
of the triangle by A, B, C and the corresponding opposite 
sides by a, b, (\ The six parts are not indei)endent of one 
another. The various relations existing among tliem are 
deduced in the following articles. 

82. In any trian(iy^ prove tJud 

a ^ b ^ c 
sin A sin B sin C 



Let ABC be any triangle. From A draw AD perpendi- 
cular to BC or BG produced if necessiyy [ Fig, (ii) ] 

[ In Fig. (i), 0 is an acute angle, in Fig, (ii), G is an obtme 
angle, in Fig. (iii), C is a right angle, ] 

From AAJBA AD = AB sin ABD=^c sin B, 

From J^ACD, AD^AG sin AOD-b sin G [ Fig, (i)] 
or, ^ h sin (w - C) [ Fig. ( ii) ] 


i.e,, “fcsinC. 


10 
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6 sin C * c sin B, . «•** .V 

bin B sm G 

Similarly, by drawling a perpendicular from B upon CA, 


we have 


sin A sui 0 


In Fig. (lii), C is a right angle : 


sm C- 1. 


. a ^ b ^ 

Bin A Bin B sin 0 

lienee, in all caHes. 

« - ( 1 ) 
sin A Bin B &><n 0 

Thus, in any triangle, 

th(f sides arc i^)opo}tional to the sines of the opposite 
angles. 

An alternative method of Proof : 



Let 0 be tbe centre and B be the radius of the circle 
circumscribing the triangle ABC, 

Join BO and produce it to meet the circumference in D. 
Join CD, The A. BCD is then a right angle. 

Prom A SOD, Bin BDC = 
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But; /.B2JC=^ LAi hem.£; in the same segment. 

*’• /p“sini4, or, 

2ic sin .4 


Similarly, by joining AO and producing it to meet the 
circumference in E, and joining CE, BE, it can be shown 
that 


^„ = 2Jil and 
Sin B 

sin C 

a 

b 

Bin C 

sin A 

sin B 


( 2 ) 


Note 1. If anglo A bo ohtuso, A and D fall on opposito sides of BG 
and ABCD being cyclic, sin BDC^am (IRO® — 4) = 8in A, and the same 
rpsulb follows. In case A is a right angle, evidently 2/^“ a »a/ain A, 
and we get the same result. 


Note 2. It follows from the relation (2) that 

a — 2R sin 4, 6=2i? sin B, c-2R sin C ; 


sin A - 


2R 


BinB=» 2 ^» sin C* 


0 


83, In any triannlo, to prove that 

9 1 9 . Q . * b® 4* r**' a® 

a* «■ b + c - 2bc cos A, or, cos A - — 

9 . 9 ^ ^ *> c® + a®-b* 

b®"c* + a®-2ca cos B, or, cos B- 

9 9.19 r. a®-fb®-c® 

c*-ia +b“-2ab cos C, or, cosC** 2ab~*’ 

Take the figures of Art. 82. 

First, lot 0 be an acute angle [ Fi(f. G) ] ; then from 
Geometry, 

AB^ = BC" + 04* - 2BG . CD. 

Now, from A4CD. CD^^AC cos C^b cos 0. 
c* * + 6® - 2ab cos C. 

Next, let the angle C be an obtuse angle [ Fig. (n) 3 ; 
then from geometry, 

iB®«J50*+Oi* + 2BC.CD* 
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Now, from AACD, CD^AC cos ACD 

— b cos U - C) = - 6 cos 0, 


+ - Sab cos 0. 

Lastly, let C be a rvjht angle [ FUh {in) ] ; then from 
Geometry, 

AB^^BC^ + GA\ 

i\c,t c® « a® + +Z>* - 2a/) cos (7. 


[ */ cos 6’ “COS 90** “0. ] 
Hence, for all values of (7, we have 
4 - fe® - Snb cos C. 


cos C* 


Sab 


Similarly, the other two relations can be establiBl)ed. 

Obs. This theorom oj^prosBes iho cosin os of the angles of a tnanglo 
in terms of the sides. 

84. In any trianylo, to prov^> that 

a«b cos C+ccos B. 
b*c cos A+a cos C. 
c«“a cos B+b cos A. 

Take the figures of Art. 82. 

In Fig. (i), 'where C is an acute angle, 

“ AB cos ABD + AC cos ACD, 
a-c cos B + 6 cos C. 

In Fig. (li), where C is an obtuse angle, 

* BC=-BD-CD 

“ AB cos ABD - AC cos ACD 
“ c cos B-b COB (180** “ C) 

« c cos B + 6 cos C. 

Id Fig, (iii), where C is a riyht angle, 

BC«.^Boo9 B. 
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a = c COS J5 = c COS J5 + 6 COS (7. 

[ cos C = co8 90“ -0. ] 

Thus, in all cases, 

a — h cos C + c cos B, 

Similarly, the other two relations can be established. 

85. From Art. 83 and note of Art. 82, it follows that 


a 


tan A * ' 

Similarly, tan 

tan C* 


sin A ^ 2R 
cos A 

2bc 

nhc 1 
B V + ’ 

ahr 1 

B 


ahc 1 _ 


86. Trigonometrical ratios of halt angles of a tri- 
angle in terms of the sides. 

We have, 2 sin® f = 1 - cos ^ = ] - ~ ““ 

2 2oc 

^ 2hf; b^ — + a® ^ ~ ib^ •“ + c*) 

2hc 2bc 

^ a* ““ (h ~~ c)^ b c){n + ^? *~ c) 

2bc 2bo 

Let s denote the semi -perimeter of the trian^^le : 


then 2$ == a 1- h + c. 

Now, a ~ 6 + c = a + h + c ~ 26 = “ 26 = 2(if “ ft), 

a -H 6 - c “ a + 6 + c - 2c “ 2s - 2c == 2(5 - c). 


Hence, 2 sin 


«.c.» 


sin 


2 A ^ 2 (s - ft) . 2 (s - c) 
2 “ 2ftc 

a -4 (fi- h)(s - c) 


bo 
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The positive value of the square root must be taken ; 
for A, being an angle of a triangle, is less than 180^ ; and 
hepce, iA < 90® and consequently, sin iA must always be 
positive. 

Again, 2 cos* ^ =* 1 + cos A 

_ - + c* - ^ 2bc + h'“ 

^ ' ' 2bc 26c 


(b + “ a* ^ (6 + c + a)(b + c - 

26c 26c 


Now, 6 + c - a = fl + 6 + c - 2a - 25 ~ 2« = 2(s - o). 


qA 2<!.2(5-a) . 2 A 

26c 2 

... A - a) 

‘^°®2 V be 


s(s - a) 
6c 


Here also the positive value of the square root must be 
taken ; for 4A being less than 90®, cos iA is always positive. 

A A ^ A 
Again, tan ^ sin ^ cos ^ 



-* 6 )( 5 - c )^ /s is -a) 
be ^ be 



C 

Similarly, the trigonometrical ratios ^ * 2 
obtained in terms of the sides. 


Note. Wiihoui assuming the values of sin iAi cos the value. ot 

tan iA can be obtained by Bubstitating the value of ooe A in terms of 

the sidee from Art. 83 in the relation tan* ^ than 

^ 1+oosA 

extraotlng the square root alter simplification. 
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Thus, we have 


•‘“I - 


A _ /s{« — a) \ 

®®^2 V be . 

»“i ' , 

<® 

87. Siiic of an augle of a triangle in terms of 
the sides. 

A A 

sin sin cos ^ 

'la la 

. 0 - fcKs - c).>^. I .J /»). [ gg ] 

2 

sin A « s/'s(s - a)(s - b)(g - c), 

2 - 

Similarly, sin B - — - ^/s(» - a)(» - b)(s - c)* 
ca 


sin C * — V g(s - a)(s -- b)(s - €>• 
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V«(s-a)(s-6K*“o)i being the expression for the area of the 
triangle L See jlrf. 88 ], is usually denoted by the Greek 

» f 

letter A. Hence, the above formula may be \vritten as 


sin A = 


88. Area of a triangle. 


A 



Let ABC be a triangle and lot A denote its area. Draw 
AD perpendicular to BO , then from £\AGD, 

AD “ AG sin 0-6 sin 0. 

Now, A - iBC,AD = iab sin G, 

Similarly by drawing perpendicular from B and 0 to tbe 
opixvsite sides, it can be shown that 

A \hc sin A = \ca sin B. 

Otherwise, A - iah sin C 

ica sin jB f 6 sin 0 ** c sin B ] 

= J6c sin A [ \* a sin B — b sin A ] 

Thus, A =*= Jbc ain A — Jca ain B — ^ab sin C (i) 

— \{proilvct of two sides) ^ (siw of included anole)* 
A A 

Again, A ~ J6 j sin A -bo sin ^ ^ 

“ >/«(8 - «)(■ - bX* - c). (ii) 
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Substituting in the expression s ~ i (<a + 5 + c), 
we get 

A = i J{a + 6 + c)(6 + c - a){c + « - b){a ‘^-b-c) 

« -J {2b^c* + 2c*a® + 2a®b® - a^ - b^ - c"*}^ (iii) 

Again, 

A ibc sin A - t ~ ^p* “* Ov) 

Note. In £5omo toxt bookb, S is used to doDoto tho area of a tri- 
angle, but to avoid confusion botwcoif 5 and s in writing, the symbol /* 
is preferable, 

89. In any triungle, to piove that 

^ B-C b-c ^A 

tan — r— - cot r- • 

z b+ c z 

Wo have, in any triangle, 
h sin B 

XSA — • 

c sill C 

„ + C . B-G 

. b - c ^ sin B - sin C _ 2 2 

6t c smB-^sinC „ . B+G B^G 
2 sin 2 "<2 “ 


, 7i f C , B-G 
-(Ot 2 tan ^ 


, A. B-G 
= tan ^ tan ^ 


[V^+S^.90-] 


. , B-G h-c 1 h^c , A 

. . tan « “ I . 7 1 . A 

2 5 + c ^ A 6 + c 2 

tan 


Similarly, 

^ C-A c-a A A-B a-b 

V — “I+b 2 • 

90. The three sets of formulae in Arts. 82. 83, 84: have 
been established directly from the figures. These three sets 
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however, are not independent, for, from any one set, the 
other two sets can be deduced. 

For example, let us deduce the formulas of Art. 83 from 
those of Art, 84. 

By Art. 84, a-b cob 0 + c cos B 
b = c cos A ‘i' a cos C 
c — a cos B + 6 cos A. 

Multiplying these in succession by a, b and c, and 
subtracting the first result Irom the sum of the other two, 
we have, 

+ -a^^hic cos ^4 4 a cos C) + c(a cos B + b cos -4) 

- a(h cos C + c cos B) = 2bc cos A. 

cos ^2bc ^ 

Note. For other cases, see Appendix, 

01 . In working out identities which involve both the 
sides and angles of a triangle, it is sometimes convenient 
to express the sides in terms of the angles, or the angles in 
terms of the sides. 


Also, it is sometimes found convenient to express the 
ABC 

values of tan ’ tan „ • tan o form in which the deno- 
a A 

minator is constant and numerator is free from radical. 
Thus, multiplying the Oumerator and the denominator of 

the value of tan ^ by J{s-b){s-c) and noting that 

Js{s - o)(s - 6)(s - c) * A, we have 

, A Is- h)(s -c) . M t 1 . ($- c)(s - a) , 

tan 2 ^ ' ; similarly, tan ^ - - 2 ;^ * 
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Again, multiplying the numerator and the denominator 
A 

of the value of cot “ by - a), we have 

la 

. A s(s’-a) 

«°‘2" A • 


a- •! 1 i. ^ fiia-h) 

Similarly, cot - ' 


cot 


- c) 
A 


Ex. 1. Show that in any trianole, 

m 

a {sin B - sin C) + b {sin C - sin A) + c Csm A - sin B) ^ 0. 

Left side “ (a sin JB - 6 sin A) + (^> sin C - c sin B) 

+ (o sin A - a sin C) 

^O + O + Of-.- byArt. 82 , - .^-7,- -/—I 

L Bin A Bin B Bin C J 

«0. 


Ex. 2. Show that in any trianqle^ 

a sin (B - C) + & sin (0 - A) + c sin (A - B) == 0. ^ ^ 

[ H. S. 1961 ] 

a^2B sin A [by Art 82] = 21? sin (B + C), A + B+C«ir] 

/. 1st term of the left side = 21? sin (B + C) sin (B-C) 

= 22? (sin'*B-sm®C). 

[by Ex. 2, Art. S6] 

Similarly, 2nd term = 22? (flin®C^- sin® A) 

3rd term = 22? (sin® A - sin®B). 

Now adding together the three terms, the required 
result follows. 


Ex. 8. In any triangle, prove that 

{b^c) (Cjoi“ +(c-a) cot ^ +(a-6) cot ^ «"0. 
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ABC 

Substituting the values of cot ^ 2 2 * S^Ten 

in 'Art. 91, we have, the left side 

/, V s (a -a) \ , , v st is - c) 

=^(b-c)' ^ ^ +(a-b}' 

* A -b) + {a- b)is - c)j 


A 


0 - 0 . 


Ex. 4. 1/ the cosines of two of the angles of a triangle 

are inversely pioportioiial to the opposite sides, show that 
the tnangh is either isosceles or itghUanqled, 


We have, by the question, 
cos A ^ b ^ sin 
cos B a sin -d 


[ by Art 82 ] 


sin A cos A *= sin B cos B, or, sin 2 A - sin 2B, 
or, sin 2A ~ sin 2B « 0, 
or, 2 cos (^ + J5) sin (-4 - j5)~0. 

. either cos (-4 J5) — 0, Le,, {A + B) = 00®, 

7.C., the triangle is right-angled ; 

or, sin (41 - j9) ~ 0, i.e., il-JB-O. i,c,, A-B, 

i,e,, the triangle is isosceles. 


Ex. 5. If the sides of a triangle are in A, P., show that 

ABC 

cot 2 ^^^2 2 

cot cot ^ cot 2 are in A. P., 
if cot ^ cot 2 ** cot 2 ** cot 2 * 
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I. .. sifi-b) s(s-a) sU-c) s(5“5) 

■' A A-" A ■ A 

ue., if (s - 2>) - (s - a) = {s - c) - (a - 6), 
if a~’h = b-- c, 

i,p., if a, 6, c are in A.P. 

Ex, 6. Show that 

-sm 2(J + c® fiin 2B = 4 A. 

• 

Left side 2 sin 0 cos C I c^.2 sin B cos B 

— 2b sin C.b cos 0 + 2c sin B.c cos B 

- 2b sin C {h cos 0 + o cos B) 

L c sin B sin C] 
= 2a6 sin C Ihy Art. 64 ] 

-4.ia5sm C-4A. [by Art. 68 ’I 


Examples XlV(a) 

In any triangle, prove that {Ex. 2 to 22) : — 

1. sin ^ cos ^ • 1. If. S. 1962 Comp, ] 

2 a A 

2. cos ^ ^ sin *f • [ H, S, 1961 Comp. ] 

2 a A 

3. (6 + c) cos A^(c^a) cos B + (a + b) cos C * « + 5 + c. 


- ft + h , i4 + 5 , A-B 

L * cot ^ ' 

a-o 2 2 

5. a* + 6* + c® - 2(6c cos A + ca cos B + at cos O). 

0 

6t (5 + c -- fl) tan ^ *® (c + a *- h) tan •• (a + h - c) tan ^ ’ 
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7. 

8 . 


10 . 

IJ. 

12 . 

IS. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 
22 . 


a sin (li-Ct) b sin (G—j^ c sin (4~ W 

a® (siD®B-8in®C) + ii* (s’Q^C-Bin*.^) 

+ c® (sin ‘A- 8in®jB) = 0. 

O* (cOB® 2? - COS®C) + 6® (c08®C-008®il) 

+ c® (tos*i4 - co 8®B) “ 0. 

rt® sin (B- C) sin (C- A) c* sin ( A- B) ^ q 
fain i}+ bin C aiuC' + binjl fain 4 + sin /I 

. A B-C^. . B . C-A 
a sin „ 8 u , +0 fain sm - 


. C . A-B 
+ c sin 2 sm — ^ 


1 2 2 2 2 
^ ttin 2A’i-^ ^ 


sin 2B + 


0 . 


sin 2 C=® 0. 


a* ij 0" 

a® sin(I?-0) + 6® sin (C“^) + c® sin (il ~ 23) * 0. 
a* cos (23 - C) + 6® cos (C - il) + c® cos (4 - 13) - 3abc, 

S’n (C"^ A) ^ r® sin (i4 -23)^^ 

sin A sm B sm 0 

(6® - c®) cofc id + (c® - a®) rot B + (a* - 6®) cofe C * 0. 

^ c®-^®__^_._a®_j-J®_, 

cos 23 -H ros C cos 0 + cos A cos il + cos 23 

(s - a) tan ^ • (s - ft) tan ^ = (5 - c) tan ^ 


2 

^■'<5 2-0, 2 0 

- - COS +-- -~ COS 7: + COS 

a 2 b 2 c 2 


‘ 0 * 


i)c cos 


2 

1 uA 

- cos* 7 , 
a 2 


s id , s 

+ ca cos 


33 , * 2 0 2 

^ +00 COB 2 • 

mm ~ ~. 

^ 2 abc 

If ^ be 60*, show that 6 + c *• 2a cos 


+ Y COS* TT + - COS 

b 2 c 
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^3* Show that a triangle having its sides equal to 3, 5, 7 
is an obtuse-angled triangle and determine the obtuse angle. 

24. G iven (a + & + c){b + c - a) “ 36c. find A. 

25. If c* - + 6®)c® +a^ + a®6® + 6^-0, prove that 

or, 120®. 

26. If 4- 6* 4' c* 2c* (a^ 4- Z>®), prove that 

C = 4:A or, 135®. 

27. The sides of a tr angle are 2x 4 - 3, £c® 4 - 3® + 3, a.* 4 - 2x ; 
show that tlio greatobt angle is 120®, 


28. If — - + rl * 

a + c 6 + c 


* show that G * 60®. 


a + c 

29. If a = 26 and A = find the angles of the triangle. 

30. If the cosines of two of the angles of a triangle are 
proportional to the ojiposite bides, show that the triangle is 
isobceles. 


31. If cos ^ ^ ’ show that the triangle is isosceles. 

2 bill G 

82. If (a* 4 - 6*) sin (A-B) = “ 6*) sin (4 4 - J5), prove 

that the triangle is either i&oscelos or right-angled. 

33. If (cos 4 4-2 cos G’) : (cos 4 4-2 cos B) = sin B : sin C, 
prove tliat the triangle is either isosceles or right-angled. 

84. If rt®, 6®, 0 ® be in A.P., prove that cot 4, cot B, 
cot C are also in A P. 

C 4 36 

35. If a COB® 4* c cos® 77 * o ’ show that the sides of 
A A A 

the triangle are in A P. 

86. If sin A : sin C*sin (4 -B) : sin (B- 0)* show that 
a®, 6®, c® are in A.P. 
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37. If a, b, c are in A.P., show that 

COB A cob iA, cos B cot iB, cos G cot iG are in A.P. 
[ c()5 A cot iA«>{l-2 sm* i^A) iA<^cot J4~sm A- ] 

38. Af Burning A — lbc ain -4 and using the value of 
cos A m terms of sides, show tliat 

A= Js(s-a)(H- b)(s-o). 

39. Find *he area of the triangJo whose sides are 

y + ^ ^ ^ + y . 

& X X y y z 

40. In a triangle, if a = IJl, 6 = 14, c = 1 "), find its area. 


Prove that in any triangle : 

- 6 ^ sin A sin jB . 

2 ’sinU-P)"^* 

4 A (cot A + cot jB-I- cot C)-a^ +6^ + c®. 


41. 


42, 


48. a cos -4 + 6 cos 5 + c cos 0 = 4-B sin A sin B sin C, 

3 A 

44. a sin J5 sin C + 6 sin 0 sin .4 + c sin -4 sin J5 = ^ • 

45. (a sin -4 + 6 sin P + c sin C)“ 

= (a^ + 6 ^ + «®)(sin®-4 + sin*i? + sin^C). 


46. 

47. 

48. 
46. 


cos B cos C cos G cos A , cos A cos B ^ 1 
be ca ab 4B^ 

[ Vse ^ cot B cot C^l \ ex. i?, Ex. X. ] 

— “ cos -4 + , cos B+ " - cos C = 0. 

a b c 

cos A . a cos B , 6 cos C , c 

a be b ca c ab 


4A cot -4+6® cot B + c® cot C\ 

50. I , A+ . T5+ “vji sm " siQ'^ sm 7 ; “• A. 
\sin A sin B sm 01 2 2 2 
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^2, Circum-radittB of a triangle. 

From Art. 82, -we have 

a ^ _c 

sin A sin B sin C 

« * ?k?. 

Hence, « - 2 sin ^ “ 2^c sm A 4 A 


(i) 


(ii) 


93. In-*radius of a triangle. 


Let 1 be the centre and 
r the radius of the circle ins- 
cribed in the triangle ABC ; 
let D, Et F be the points of 
contact of the in-circla with 
the sides SC, CA, AB respec- 
tively. 

Then, [D^IE^IF=^r, 
Join JA, 7S, IC, 


A 



A ABC = AIBC + AJCA + AZAS 

- iBCJD + iCAJE + iABJF 
~ Jar + ibr + Jcr 



= ir (a + Z? + c) = rs. 

Thus, 

A = r5. 


... (i) 

* * 

r ^ ^ 1 ; 

Again, 

a=BC=BD+DC 


= r cot JB + r cot JC, 


^ fcoa JB . cos iCl 
^Isin JB sinjjcj 
fcos JB sin JC + sin 

^ 1 ir> i 


from A* IBDt ICD, 


^ sin (JS + JC) ^ _ _cOs iA ^ 

^ sin JS sm JC ^sin JB sin JC 
[ i-l + JB + JC«90^ Bin (JB+jO-am (90'‘-i4)«*ooB JA ] 


11 
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• lA sm Sin iC 

.. r~a sin JB sm sec -a ,, 

cos iA 

Since, by Art. 92(i), a *» 22J sin il - 4E sin iA cos iA, 

r-4R Bin JA sin Bin JC. •• (ii) 

Since, from the figure, AF—AE, BD-BFt CD-CE 
and since, the sum of these six quantities equal to the 
perimeter, 

AF-^ BD + (^D = semi-perimeter - s, 
t.6., AF-\-BC, or, AF-^a^s, 

AF- s" a- AE. 


Similarly, BF ■= s - 6 = BD ; CF c=‘ CD. 
From A4JF, AF tan lAF. 

r-(8-a) tan ^A. 

Similarly, r" (s-b) tan (lii) 

and r-(8-c) tan JC. . 

Note. DUtdnces of the in^centre from the vertices. 

From lA^ IF cosec lAF. iA^r coeec iA. 

Similarly, coiec JH and lC»rcoaeciC. 

94. Ex-radii of a triangle. 



Let Ij be the centre and 
the radius of the escribed circle 
(opposite to the angle A) of the 
AABC ; let 7), E, F be the points 
of contact of the circle with 
the sides BC, and AC and AB 
produced. 

Let ra, rs denote the radii of 
the escribed circles opposite to the 
angles B and C respectively. 
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Nt)w. = ; join AI^, BI^, Cl^. 

A ABC - AIiAB + AfiAC- Al^BC 

= iAB.hF^ iACJ^E - iBCJ^D 
= icTx + ibr^ - iavx 
= iri (6 + c“a) = Jrx (6 + c + a- 2 a) 

= iri (2s - 2a) 

*» ri (s - a). 


Thus, 

ri 

Similarly, r 2 

and Fa 
Again, a 


A^ri (s-a). 

A . 

8-a 

A 

8-b 

A 

B - C ' 

i-^BC^BD + CD 

-Tx cot IxBD f ri cot IxCDy 


(i) 


from A* IiBD, I^CD ^ 
“ ri cot ( 90 ® - \B) + ri cot ( 90 ® - 4 C), 
because, LhBB^ i(l 80 ® - B) = 90 ® - 4 B, 
and LixGI) = 4 ( 180 ® - 0 ) - 90 ® - 4 C. 

a « ri (taa 4 B + tan iC) 

r sin 4 B ^ sin 4 C 1 
cos 4 B cos id 
sin iB cos 4 C + sin hC cos 4 B 




cos 4 B cos 40 
^ sin ( 4 B + 40 ) 
cos 4 B cos 40 

cos iA . * 

’■^COBiSc08iC’“‘“ 
r, — a COB iB cob JC Bee iA. 


.*S] 
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0“ 


Putting 

rt' 

Similarly, Fa 
and Fa ’ 
Again, AE = 
and AF 

But AE 

2AE 
AE 


iB sin A"^iB sin iA cos iA, 

4R sin J A cos cob jfC. 

4R COB iA sin cob 
4R COB iA COB iB Bin iC. 

AG + GE-^b + CD [\'GE^GD] 
AB + BF^g-¥BD [\'BF^BD] 
AF; therefore, by addition, we get 
6-f c + BD + CD-Z) + c + a-2A\ 


(ii) 


— s. 


Again, from AAI^E^ l^E- AE tan I^AE. 

Fi -s tan iA. \ 

Similarly, ra"*BtaniB, > ... ... (ii,) 

and Fa ■* 8 tan JC. J 
Note. Distances of Ex-centres from the vertices. 

From 7iA = I,F coaec I^AE, 

/. /i4»r, cofec 

^4R coe iB cob JC [ bj/ forviida (ii) ] 

From J,B«»IiF oosoo T^BF, 

««c iB [ 4/i/?F«90'*-jB ] 

Similarly, /,CsrieecsC. 

In the same wav, coaee iB, lnC=ir^ coiec JC. 

Ex. 1. Prooe that ^ -j- ^ 4* ^ ^ • 

r. rg r 

By formula (i), Art. 94, 

s- a . s-b , c 

*8- 4. .f 

AAA 

__ 3s - (rt + 5 + c) ^ 3s - 2s ^ s ^ 1 . 

A "a “a" r* 


left side 
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Ex, 2. Prove that 4 cos iA cos \B cos ^ * 

“ ahc 

= 4' ^ “ jj formula (ii), Art. 92. 

abc aha H 

Ex. 3, Show that 

hc-r^^r^^ca-r^r^ ab-'r^r^ 

7-2 7-3 

.* . 6c - r-jra = i [46c - 2s (2s - 2a)] 

— i [46c — (a + 6 + c)(6 + c — a)] 

-i [46c + a"-(6 + c)"]-i[a“'(6-c)*3 
= i [(a + 6 — c)(a- 6 + c)] = (s~6)(s-"c). 

6c - ^ (s ” &)( "f ~ c) ^ is - o){s - 6)(s - c) 

' ‘ ri “ ri A 

s 

Similarly, the other ratios are equal to the same quantity. 


Ex. 4. Prove that in any triangle ^ 

'**1 + 7*2 + rs -*r= 47iJ. 

Left side = ( ^ + + ( ^ “ 

\s “ a s - 6/ \s - c s / 

-- A . ~ j. A . - 

^ (s — a)(s - fe) *(8 — c) 


8(8-aKs-5K«-c)J 
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Now, Numerator 25* -- s (a + & + o) + a 6 
■*2s*— s,25 + a& = a 6 . 

Denominator = A*. 

Left side " 4i2. 

Ex. 6 . 7/ ri«ra-f-r 3 +r, prove that the triamle is 

right-angled. 

From the given relation, we haro 

ri~r«r2+ra, 

A . A ^ A ^ A , 

5 - a 5 5 “ 6 5 — c 

A.a ^A(25-ft“c)^ A. a 

5 (s ~ a) (5 - 6)(5 c) (s - h){s “ c) 
s(s- a) -- (5 - 5)(s ~ c). 

tanii4«J. 

5 (5 - a) 

i4 = 90". 

Although we got tan JA* ±1, wo reject the negative valuo 
beoauBe iA is an acuto anglo. 

Examples XlV(b) 

Prove that in any^ triangle {Ex. 1 to 14 ) : — 

5 

1. Bin A 4* sin B + sin ® ’ 

f* 

2. cos A + cos B 4- cos C - 1 + ^^ • 

[ U96 cosA-^cos B'^cos C*»l + 4 sin JA sin iJB sin JC. ] 

^ 70 ^ 07 a -A 

Ti fa rs 


or, 

or, 

Note. 


3. 


0. 
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4* ^*^3 + rsVi + rira = s®. 

5. r = E (cob a + cos B + cos C - 1). 

6. ri = 2? (cos B + cos G - cos A + 1). 

[ Use cos B + cos C - cos A — — 1-h 4 stn iA cos JB cos JC ] 

7. a cos B cos C + b cos C cos i + c cos A cos B-^* 


8. a cot A + h cot B + c cot 0^2 (E + r). 

[ a cot A ^ ^ • cos A- 211 cos Jt. Then use Ex. 2. I 

sin A J 


9. n 


1 ( 7 * 2 +rO(rt +rt.) 


4 ra^a +r3r, +rira 
10. A= slTrxT2YA^ cot \A cot \B cot iC. 

11 / 1 . 

\r ri/\ r ra/l r rj r*(a + 6 + c)* 

[ A. L 1988 1 

12. (1 + 1 + 1 + 1)*- 4/1 ^i^n. 

\ r ri Tz Taf r \ri r.j Taf 

13. (^2 ^ 3 ) cosec A-r 2 (^3 + 5 ^ 3 ) cosec B 

~ ^3 (^1 ^ 2 ) cosec C. 


14. ^«+‘-« + «^ = 2B 

ri ra rs 


la a 


+ " + “ + 

b 0 c c 


-4 


15. In a triangle, a = 13, 5 = 14, c = 15 ; find r and B, 

0 

16. If a, 5, c are in A.P., show that r^, rg, Tq are in H.P. 

17. If in a triangle, 3Ti = 4r, show that 

4 (cos A + cos B + cos C) = 7. 


18. If the diameter of an ex-circle be equal to the peri* 
meter of the triangle, show that the triangle is right-angled. 
C Use rx»s ian iA. ] 
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19. If |l - ^*||l " 2, show that the triangle must 

be right-angled. 

20. If 81?* ■•a® + 6* + c®, show that the triangle is 
right-angled. 

21. If S be the area of the in-circle and Si, Sa, S» the 
areas of the escribed circles, then 


1 111 

js" JS., Vs.‘ 

22. In any triangle, prove that the area of the in-circle 
is to the area of the triangle as n : cot iil cot JB cot JC. 

23. If Pi, Pa, Pa are the perpendiculars from the angular 
points of a triangle to the opposite sides, show that 

Pi Pa Pa rt 

24. If X, I/, z bo the lengtlis of the perpendiculars from 
the circura-centre on the sides BC, CA, AB of the triangle 
ABC, prove tliat 

^ b ^ c ^ abc ^ 

X y z ^xyz 


25. If X, y, z are respectively equal to I A, IB, 1C, and 
a, P, y are respectively equal to 7i4, I^B, l^^C, show that 


(i) 

abc 


(ii) 


+ « + v=l- 

a p y 


(iii) ^ ® 1* (iv) a®® +by^ + cz*= abc. 

Q p y 

[ Vse Notes of Arts. 93 and 94. j 



CHAPTER XV 


SOLUTION OF TRIANGLES 


95. In a triangle, there are six parts, the three sides 
and the three angles. These are not independent, but are 
connected by tiie relations between the sides and angles of 
the triangle, which have been established in Chapter XIV. 
In fact, if three of the parts are given, the remaining three 
can, in general, be determined, and the corresponding 
triangle completely known. The cases that can arise are 
the following : 

(1) three sides may be given 

(2) three angles may be given 

(3) two sides and the included angle may be given 

(4) two angles and one.side may be given 

(5) two sides and an opposite angle may be given. 

We shall discuss these cases one by one. 


96. Three sides given. 


Let the three sides a, 6, c of a triangle ABO be given. 
Now, provided the sum of any two of these given sides 
is greater than the third, the triangle ABC with the three 
given sides can be geometrically constructed and.the triangle 
is unique ; in other words, its angles are definite. To deter- 
mine any angle A say, we may use the rigorous formula, 

2k 


cos 



170 


INTEKMEDIATE TRIGONOMBTKT 


and thereby determine cos At and then from the cosine-table 
find out the angle with this cosine. It is clear that the 
angle, being an angle of a triangle, lies between 0 and n, and 
within this range an angle with a given cosine has got only 
one value. Thus the angle is definitely known. 

Here we want to make one point clear. Though the 
formula used is rigorous, the Cosino-table, by means ol 
wliich we determine the angle with a given cosine, gives 
only approximate values. Now, it is a principle proved 
in books on higher mathematics (with the aid of calculus), 
that whe7t an anole Is detenninpcl by using an approxmate 
tablet the best result is obtained by using the Logarithmic 
tangent-table t and an angle determined from its L tan, using 
a four-figure table is more accurate tlian that determined 
by using even a seven-figure sine-table or cosine-table. If 
a suitable tangent formula is available therefore, wo should 
make use of it. 

Hence, for practical purposes, in this case, to determine 
.<4, wo use the formula 

where s “ i (a + + c), which is known. 

r 

Taking logarithm, and adding 10, W'e got the value of 
L tan \A and therefore A is known. 

Similarl 3 % B and G are determined. 

In case tan iA happens to he equal to the tangent of 
a standard angle, is at once known and the use of 
logarithm is not wanted. 
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• Ex. The sides of a trianqle are 2, 3, 4. Find the greatest 
angle, having given 


log 2 - ‘30103, log 3 - -4771213, 

L tan 52° 14' = 10’1108395, L tan 52** 15' = 10-1111004. 


Here, 


2 + 3 + 4 9 

2 “ 2 ’ 


The greatest side 4 being denoted by \i\ the greatest 
angle A (which is opposite to the greatest side) is given by 


tan 


/(^- 2 )(^- 3 )„ 
^ 4 ( 5 - 



L tan ^ 10 + J (log 10 - log 2 - log 3) 
- 10 + J(1- *30103 -’4771213) 
==10-1109244. 


Now, LtanM lies between 1/ tan 52*^14' and L tan 52''! 5'. 


Hence, iA lies between 52° 14' and 52° 15'. 


Let U=52°14'ir^ 

Then diff. for a.” is *0000819, 
and diff. for 1' t.c., GO” is *0002609. 


„ ir 849 60x849 , 

60”2609’ 2G99 nearly. 

Hence, ii = 52° 14' 19”-5, 

or, A = 104° 28' 39” nearly. 


97. Three angles given. 

In this case the triangle cannot be solved, for there are 
innumerable triangles with the same three angles. All these 
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triangles, being equiangular, are similar, and the ratiq, of 
theii: sides can he determined from the formula, 

a ^ _J& „ „ „ c ^ 
sin A sin B sin C 


or, tt : 6 : c = sin -4 : sin J? : sin C. 


Ex. The anoles of a triangle are %n the ratio 2:3:7. 
Prove that the sides are in the ratio of J2 : 2 : { JS l). 


The angles being in the r^atio of 2 : 3 : 7, and their sum 
being 180®, the angles are evidently 30**, 45** and 105® 
respectively. Hence, the ratio of the sides will be 

sin 30** : sin 45^ : sin 105**, 


ue., 


or, 


1 , 1 -s/3 4- 1^ 

2 • v'2 ■ 2 J 2 ' 

J2:2:{J3 + 1). 


Examples XV(a) 

1. The sides of a triangle are 24, 22, 14 ; find the least 
angle, given L tan 17** S3' =* 9*500042, diff. for l'“439, 

2. The sides of a triangle are 50, 36 and 28 ; find the 
greatest angle, having given 

log 19 = 1*2787536. log 29 - 1*4623980 
L tan sr O'- 10*0916308, L tan 51**!' -10*0918891. 

S. The sides of a triangle are 9, 10 and 11 ; find the 
angle opposite to the side 10, given 

L tan 28’ 30' -9*7526420. L tan 29’29'* 97623472 
log 2 -*30 103, IC. U.1H3} 

4 . The sides of a triangle are 2, 3, 4. Find all the 
angles correctly to degrees and minutes by the help of 
mathematical tables. 
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•6. (i) The sides of a triangle are 15, 19, 24 ; find the 
greatest angle of the triangle. 

Given log 57 = -76587, L cos 88® 39' -8*24903 

diff. for l' = 718. [G:u.mo] 

(ii) Find the greatest angle in degrees, minutes and 
seconds in a triangle whose sides are 5, 6, 7, having given 
log 6 » *7781513 

L cos 39® 14' = 9*8890644^ diff. for 60" = *0001032. 

6. (i) The sides of a triangle are 7, 8, 9 ; solve the 

triangle. [ C. U. 1938 ] 

(ii) If a “35, 5 = 40, r“66, determine the greatest 
angle. [ C. U. 1945 ] 

[ Uao Mathematical Tables ] 

7. Given a= /v/6, 5 = 2, c= >73 -1; solve the triangle. 

8. Given a — /v/3+] ; solve the triangle. 

9. If a = 7, 5 = 5, c = 8, solve the triangle. 

Given cos 38® ll' = il. 

10. If u “ 3 + Vs, 5 = 2 s/3, c = V3, solve the triangle. 

11. The angles of a triangle are 105®, GO® and 15® ; find 
the ratio of the sides. 

12. If = 45®, 5 “ GO®, show that c : a - V3 + 1 : 2. 

13. The angles of a triangle are as 1:2:7; find the 
ratio of the greatest side to the least side. 

14. If cos cos B = f , find a : 5 : c. 

15. If the angles adjacent to the base of a triangle are 
22|® and 112^®, show that the altitude is half the base. 

16. If the sides of a triangle are 4, 5, 6, show that the 
greatest angle is double the least. 
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98. Two sides and the included angle given. 


Let the two sides h, c and the included angle A of 
a triangle ABC be given. It is easy to construct the triangle 
geometrioally, and there will ho only one definite triangle 
with the given parts. To find tlie other angles B and C, we 
notice that 


nr., 


J? + 0 = 180“- 

^ ^ - QQ® - ^ . 

2 ‘ ^ 2 


Again, 


, B-G b-c , A 

^ I . cot „ ■ 

2 b^c 2 


L tan ^ ^ 10 + log ^ 


2 


'log 


(t;:) 


- c A) 
cot „ 
c 2 i 

A 


4-L cot 


fc, c, and A being given, the right-hand side is known and 

B — C B "" G 

thus, L tan ^ is known, wlience is known. 


Now ^ 2 ^ 2 ^ being both known, by addition and 

sublraction, wo got B and C respectively. 

B“^ C 

The reason of using tangent formula to determine ^ 
is already explained in Art. 9G. 

When B and G are known, the third side a is easily 
obtained from 


a b c 

«a - I QY * * 

sin sin 2? ’ sin C 

Ex. In a triaH'ih, f> = 2’25, c = l’75, find B 

and C, having given, 

log 2 = ‘301030, L tan 63“ = 10‘292834 
L tan 13* 47' = 9 389724. L tan 13" 48' = 9'390270. 

[ C. U. 1931 ] 
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Ilere, 

®2^-=90"- 2 -90* -27* -63*. (i) 

Ajiain, 

, B-C b-o A ‘5 

tan ^ ** 2 . ^ ^ . cot 27 

2 o+c 2 4 

= i tan 63®. 

L tan tan 63°-3 loR 2 

- io'292g’3i - ’gosogo 
= 9-389744. 

Now, L tan 13“ 47' - 9-389724 
and L tan 13° 48' = 9-390270. 

lienee, ^ l)oins 13“ 47' a" 

we j^et, diff. for x” « ‘000020 
and diff, for l' /.c., GO" = *000546, 

ir 20 20 X no 

•• 60 "546 546 =2 2 nearly. 

Hence, ^ = 13* 47' 2’'-2 nearly. 

Combininj^ with (j), J5 = 76® 47' 2" ‘2 and C- 49® 12' 57" '8. 
99. Two angles and a side given. 

Lot any side a of a triangle ABC, and any two of its 
angles be given. The sum of the three angles being 180®, 
the third angle is also known. To find the other two sides 
b and c, we use the formula 

a ^ ^ r 

bin A sin B sin G 

Ex* In a triangle ABC^ A = 38®20', B 45® and 6 « 64 /<. 
Find c, having given log 2 *'*30103, L sin 83® 20' 9*99705 
and log *089896** 5*96374. 
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Here* 

C«180*^-U + B) 

^ 83*20'. 

Now, 

sin C sin B 

c 64 64 « . /q 

Bin (180° - 83° 20') ” ain 45° “ 1/ x/2 “ 

c»2’^'sin83'’ 20': 

log c ^ -V log 2 + ain 83° 20' - 10 

* V (‘30103) + 9‘99706 - 10 = 1'95374, 

Thus, log c has the same qaantissa as log ‘089896, but 
has its characteristic 1 . Hence, c " 89‘896 ieet. 

Examples XV(b) 

1 . Two sides of a triani’Ie are 3 and 5 feet and tlie 
included angle ia 120“ ; find the other angles, having given 
log 4‘8 = ‘6812412 

L tan 8° 12' =-y‘1586706. diff. for 60*^8940. 

[ C. U. 1949 ] 

*. If 5 = 1300, c = 1400 and A = 60°, find B and C. 

Given log 3- ‘4771213, 

L tan 3° 40'=-8‘8007422, diff. for 10" = 3306. 

3. Tt a = 21, 5 = 11, C = 3 1“ 42' 30". find A and B. 

Given log 2 = *30103, 

and L tan 72“ 38' 45" = 10*50515, 

4. If the sides a and b are in the ratio 7 ; 3 and the 
included angle C is 60°, find A and B, given 

log 2 - *3010300, log 3 = *4771213 

L tan 34° 42' - 9*8403776, diff. lor I' = 2699. 
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5. Two sides of a plane triangle are 11 and 11 and the 
included anglo is 60*. Find the remaining angles, having 
given L tan 11° 41' = 9‘3174299. L tan 11* 45' = 9'^180G40. 

r 0. V. 1922 3 

6. (i) Two sides of a trian^do are 80 and 100 fb. and the 
included angle is 60**. Find the other angles. [ G. U. 1946 ] 

(ii) If a - dtC- 70** 30', find the remaining angles. 

(ni) If a ~ 30*9, h == 43*2, G - 38® 14', soh e fcho triangle. 

[Use Matheinatiral Tables ^ 

7. (i) In a plane triangle, b = 640, c - 420 and A =52** 6' ; 
find B and 0, having given 

L tan 26® 3' = 9*()801130. 

L tan 14® 20' = 9‘i074 ISO. h tan 14” 21' = 9*4079153. 

[ C. U, 1934 ] 

(ij) Given a = 70, 5=- 35. C = 3G” 52' 12", log 3 = 

0*4771213, 7y cot 18® 26' G" = 10*4771213. Calculate tl.e 
ctljer two angles A and B, [ C. U, 1936, *37 ] 

8. li JC), c - G - 2 J3, B — 75”, solve tlie trifltoglo. 

9. T\^o sides of a frianglo are \/3 + land a/3 “ 1 and 
the includefl angle is 60” ; solve the triangle. 

10. (0 If = 2, 7) = 1 + ^3, C = G0”, solve the triangle. 

(ii) Ii a = 2, 5 = 4, C-GO”, find 4 and B, 

11. If a®* 19, JS = 52” 2B' and C = 93” 40*, find 6. having 
given Jog 27038-4*4319746 ; log 19 = 1*2787536 ; 

log 27037 = 4*4319585 ; 

L sin 52” 28' = 9*8092727. L sin 33” 52' =*9*7460595, 

12. If J9 = 45”, G = 10” and a = 200 ft., find 6, having given 

log 2 = *30103, L sin 55” = 9*9133645 

log 1726*4 = 3*2371414, log 1726*5 = 3*2371666. 

[ C. U. 1947 ] 
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18. If ^ - 41* 18' 22*. B = 71* 19' 5*. and a = 55, find b, 
given Jog 56 = 1-7403627. log 70063 = 4-8979775 

L sin 41* 13' 22" = 9-8188779 
L sin 71* 19' 5* = 9-9704927. 

14. (i)It B»70° 30'. C = 78° 10', a = 102, solve tJio 
triangle. 

(ii) If 0 - 39, J - 81* 35', B ~ 27° 55', solve the triangle. 

(iii) If .4 = 37* 15', 71 = 72'’ 5', a = 75-2, find 6 and c. 

[ AI et Lite mat iral tables should be used ] 

16. If ^ - 75". B - 30% b - JH, solve the triangle. 

16. M A- 30", B =■ 45", 5 = 2, solve the triangle. 

17. In a triangle in which each base angle is double of 
the third angle, tlie base 2 ; solve the triangle. 

18. Given a = ^/57, A « GO", A = 2 find h and c. 

100, Two sides and an opposite angle given. 

Let the two sides b and c in a triangle ADC, and the 
angle B opposite to the side b be given. 

In this case, we get the angle C from the formula, 

sin C sin B . c sin B 
“ ' , » or, sm C “ - — * 

cb b 

Now, three cases may arise, namely, 

(i) c sin B > 5, In this case sin C is greater then 1, 
and so G cannot he obtained. In fact in this 

• case no triangle is possible. 

(ii) c sin B « 5. Here, sin C becomes 1 and therefore, 
0 “ 90", Thus, A « 90® - B. We thus get a right- 
angled triangle with right angle at 0, and the 
side a wiU be obtained from 


c^^a^ + 5*, or, n* 
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(iii) 0 Bin jB < 6. In this case sm C is less than 1, 
and hence, 0 can be determined. Now, sines of 
supplementary angles are known to be eflual, and 
an angle of a triangle may be aciite or obtuse. 
We therefore get two supplementary values of 
C having the same value for sin 0. Three sub- 
cases now arise : 

Sub-case A. If of the two given sides, b > c, then 
B > C, and therefore the obtuse value of C becomes in- 
admissible, for otherwise B is also obtuse and two angles B 
and G of the triangle become botJh obtuse. Thus, the only 
admissible solution is the acute value of C. Now, B and C 
being both known, A is obtained from + JB + G = 180®. 
The side a will be known from 

ah c 

» — — f QJ« • 

Bin -4 sin B * sin C 

Thus, the triangle is uniquely solved. 

Sub-case B, If h = c, then B^C, and here also the 
obtuse value of G is admissible ; with the acute value of G 
the triangle is uniquely solved exactly as in the fcbove 
case. 

Sub-case 0. If 6 < c, then B < C, so that G may be 
either acute or obtuse. Both the supplementary values of 
G being admissible now, there will be two possible triangles 
■with the three given parts 6, c, B, Corresponding to each 
value of C, the value of A is determined from il + B + C 
- 180®, and then a is obtained from the formula, 

a b c 

a* _ I QY • 

sin sin B * sin G 

As there are two solutions of the triangle in this case, 
each equally admissible, this sub-case in the solution of 
a triangle in which 5, c, B are given and b> c sin B but 
< c, is referred to as the Ambiguous Case in the solution 
of triangles* 
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We may sum up the results as follows : 

When in a triangle, 6, c, B are given, 

{\Y iih < c sin J5, no triangle is possible ; 

(ii) iib-o sin B, we get a definite right-angled triangle 

as solution ; 

(iii) if if) > c and therefore necessarily > c sin B, we 

get one definite solution having C acute ; 

(iv) if and therefore necessarily > o sin B, we 

get one definite solution having C acute, 

(v) if h > c sin B but < c, there are two solutions, 

and this case is the amhufuous case, 

101. Geometrical treatment of the Ambiguous Case. 

To make the ideas clear, we proceed to construct geo- 
metrically tlie triangle in which two sides and an opposite 
angle, viz., Ih o and B are gi\en. 


A A 



Fig, (ill) 


Fig. (iv) 
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Let ABX be the given angle jB, and along one arm of it, 
take AB-c. Lot AN bo the perpendicular from jf on BX, 
AN 

Then , ^ = sin B, so that AN— AB sin B - c sin B. 

AB 

With centre A and radius h draw a circle. 

Casp 0). If h < r sin B, /.c., < AN, the circle does not 
meet the side BX at all and no triangle is therefore 
obtained. [ See flu. (?) 1 

Casp (//). If sin B, i.e,, = AN, the circle touches the 
side BX at 0 coincident with N, as in fig. (ii). Hence, 
a right-angled triangle is formed, in wliioh tlio sides AB, AG 
and tlie angle B have the given values c, h, B. Thus, ABC 
is the required triangle. 

Gasp (lii). li b > c, t.e., > AB, the circle cuts BX at 
two points C and C' on o])poslto sides of B as in fig. (iiiX 
The triangle ABC', though it has the sides AB, AC equal 
to the given quantities c and b, has the angle B not equal 
to the given angle, but equal to it'^ supplement. Hence it 
is not the solution required. In this case the triangle ABC 
is tlie only solution. 

Case {iv). If h — c, t.p., —AB, the point C' of the above 
case coincides with B, and only one triangle ABC is obtained 
as the required solution. 

Case (v). If b > c sin B, i.e., > AN but less than c 
(or, AB), the circle outs BX at two points C^ and O 2 on the 
same side of B as in fig. (iv). Both the triangles ABGj^ and 
ABC 2 have the same three given parts and both are possible 
solutions. This is therefore the Amhigiiom case. 

Note. By considering the equation 
t*“*c* + a*-2ac cos B 
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in Trbioh b, c, B are given, we may first of all determine a, instead of 
trying to determine C. 

Considering the equation as a (xuadratio in u, viz.^ 
rt’'-2c cos B.a+c* — 6* = 0, 

and hy solving it, wo g^t 

a«ccos B± Bin Vi. 

(i) If 1!) < c sin B, 6’ — c’ sin'’B is negative and thus the two values 
of a are imaginary, ( No mlniion ) 

(ii) If 6«c3inB, sin®7i = 0 and thus the two values of a 

are real and coincident. 

( oy\€ solution : one triangle right-angled at C, since 6 = c sin B ) 

(iii) If 6 > r sin B, sin®B is positive, so two values of a 

are real and distinct, but they are not always admissible. 

(rt) When ft > 0 , H.e,, ft® > o’ (sin* B*foos’B)y, ft*-(‘*sin*B> 
0 * cos’B, 1 . 0 ., sin-* B > c oos B and hence one value of a is 

positivo and the other negative. ( one solt4Uo7i ) 

(ft) When ft-*c, ft* -c* Bin®7i=--c*~c' Rin®B»=c* cos’B and hence 
one value of a is zero. { one solution ) 

(c) ‘When ft < c, i.o., ft* < c* (sln’B + cos’B), ft® — c*sin*B< 
c® o08*7i, i.o., < c cos B. 

So lioth the values of a are real and positive. ( two solutions ) 

This is known as the olgchraic'il discussion of the ambiguous case. 

An example illustrating the algebraic method is added below. 

Ex. 1. In a triangle, 6-15 It, c = 3 0 fb„ B - bO**. Find 
a and A having given sm 84** 44'- ‘99578, 

We have 6* ^ + a® - 2co cos B, giving here 

225 *100 4- a* -20a cos GO" ; 
or, a® - 10a - 125 =0 whenoe 
a^5±6^/G. 
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liejeofcin/? the ne^ratire value lot a as inadmissible, the 
only possible value of a = 5 ( -f 1) ft. There is^thus one 
solution and there is no ambiguity. In fact this is case (iii) 
of the previous article. 


Again, 


sin A = 


"uin n = 5('^«+i) V3_3./2+ n/3 

^amji 2 - g 


^ 3 X r41421-i- + 1-73205 
6 

so A = 81'* 44'. 


Ex. 2. Ill a irianfilc, a - 73*4, h •* G4*9 and B = 48'*13'25" ; 
find A, havinn niven 

lo(} 734 -- 2*8G5(;%1, loo G19 = 2*8122447 
L sin 48“ 13' 25" = 9*8725936 
L sin 57“ 30' = 9’92(;0292 ( diff. /or 1 ' = 804 ) 


lo the case amhiquou'^ ? 


Here, 


sin 




a sin B 
b 


734 

649 


sin 18" 13' 25" 


L sill A = log 734 - log 649 + L sin 48“ 13' 25". 
= 2*8656961 - 2*8122447 -i- 9*8725936 
= 99260450. 


Now, diff. of tliis from L sin 57“ 30' = 158 {i.e., *0000158) 
and diff. for l' (or 60*') = 804 *0000804). 

Hence, A = 57“ 30' j " where 

nr. “ whence x = 11*8 nearly. 

60 804 

Thus, il = 57“30' 11*8" or its supplement 122“ 29' 48*2'' 
which has also the same sine, and so the 
same L sine. 


Now, in this case a > b and so > B and thus both 
values of A are admissible. The case is, therefore, the 
,amhiov-OUtB case and will have two solutions. 
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EscampleB XV(c) 

1. Given (i) ^4-30®, a^G, /^ = 4. 

(ii) 

(iii) -4 <2-2, b-S, 

(iv) ^“3J^ a-3. 

Find in which case the solution is ambiguous, in which 
case there is one snlutioii, and in \^hu•h case there is nc 
solution. 

2 . (i) If h - 2, c - v^3 + 1 and B - 45°, solve the triangle, 
(li) If a « 3, 5 = 3 J3, A =- 30°, find B. 

3. If a = 2, 5 ~ a,/ 6, I? « 60°, solve the triangle. 

4. If ^ - 2, 5 5, ^ - 30°, solve the triangle. 

5. If 5, c, B are given and if h < c, show tliat 

(<3^1 “ *1’ •+ ^ 2 )^ tan*J5 =" 4h^ 

ax and a 2 being the two possible values of a. 

6. In the ambiguous case, given a, h and Ay pro\e that 
the difforonco between the two values of c is 

2 sin^il. 

7. If a, 5, A are given, and if Cj, c.j are the values of the 
third side in the ambiguous case, prove that if Ci > c^, 

(i) Cl - ca - %i cos Jii. [ B. IL U. L 1028 ] 

(ii) Ci^ +C 2 “- 2 c'jiC 2 cos 2-4“= 4a® cos®4. 

r B. IL U. 1*1035 ; Pat. I. 1936 ] 

/***\ Oif» b sin A fat mAy 1 

(in) cos - * [A. I. lOil J 

2 a 

8. If 6 « 1C, c ~ 25 and B = 33° 15\ find the other 
angles ; given 

L sin 33° 15' 97390129, log 2 - *30103, 

L sin 68° 57' « 9*9328376. L sin 68° 56' = 9*9327616. 
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If a - 5, 2? -= 4, A= 4.5®, find B an<l C ; fiiven 
log 2 -*30103. L sin 31® 27'-9'75257. 

10. If a -30, 6-300, find A in order that B may be 
a right angle, having given that 

L sin 5® 44'- 8*9095 *)95, diff. for l'-125G5. 

11. If a-l(), c — 25 and C ' 00®, find the other angles; 
given 

log2«'30]03, ^ log 3 = *4771213 

L sin 33® 39'-- 9*7430021, diff. for l'-]897. 

12. If 6- JG5, c-2j8, and Z?-35® 10', find the angles 
A and G ; given 

log l‘G5 = •2174!). log 2T)8 = • 4 .II 62 ' 

L sin 35° 10' - y7(i039, L sin 64° 1 4' - y95452. 

13. If 26 = 3a and i an ® i4 --J, prove that there are two 
values of the tliird '^icle, one of which is double the other. 


14. If i4ii i?i and A 2 , B^ are the angles of the tv^o 
triangles in the am big nous case whore b c, C are given, 


sin , sin An 
then . Ti + , 
sin sm 


' 2 cos C, 


15. Show that in the case that admits of two solutions, 
the two values of C satisfy the equation 


(a + 6)® (h-a)^ _ 2a® 

1 + cos G 1 - cos G sin M 


[ B. H. U. L m 2 ] 


16. If log 6 + 10 -log c 4- L sin B, can the triangle be 
ambiguous ? 



Miscellaneous Examples II 


In any trianfile ABGt prove that {Ex, 1 io 8 ) ; — 

1 1 j j. ^ T>x ^ ^ 

1 . cosil-f , cosI;+ co 8 c;= - , 

a b c 2a oa 

2. -f - a^) tan A - (c^ - b^) tan B 

"(a® i-b^ -c^) tan C. 

3. 6 ® +r® - 2bcroa(A 4 GO^) “o* - 2cai cos (JJ+ 60'") 

“ /i® + /;® - 2ab cos (C ^ 60'"). 

4. (cot - tan iB “ tan 

+ (cot iJ? “ tan \G tan (col 4C “ tan ^ 4 - tan hB)'^ 

~ (cot } I + cot iJ5 + cot iC)^. 

6 . a sin {B - C) cos (7? + C ~ .4) i h sin (r - A) 

X cos (C 4 ,1 - 7^) + r sin (4 - B) cos (i 4 B - C) 0. 

« a sin A'^h sin B 4 r sin 0 _ 7? / 2 . 72 , , 2 ) 
a cos -4 4/; cos 7 } 4 c cos G ahc ^ ^ 

7. (b i c - 2a) sin iA sin h (B-^C) 

4 (c i a -- 2b) sin iB sin i (C - A) 

4(a4 6 “ 2 () sin iC sin i^(A- B)'^0, 

8 . a cos A cos 24 4 J» cos B cos 2B 4 c cos C cos 26’ 

4 4 cos A cos 7? poa C (a cos 4 4 6 00 s j5 4 c cos 6’) = 0. 

9. If in a triangle, a®, 6®, c® are in A^P., show that 

tan 4, tan B, tan C are in Il.r. 

10. If in a triangle, sin 4, sin B, sin C are in H P., show 
that 1 - 009 4, 1 - COB B, 1 - cos C are in H.P. 

11. Determine the triangle whose sides are three conse- 
cutive terms in the series of natural numbers and whpse 
largest angle is double the least. 
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12. If in a trian^^le, cos 3^1 + cos 3J?-Hcos 3C-1, show 
that one angle must be 120**. 

13. If in a triangle, sin A, sin B, sin C be in A. P., 
show that tan 4-4 tan 

14. If a = 5, ^ = 7 and A “ 30®. find B in degrees and 
minntes, having given 

sin 44® = 0-6947, sin 45® = 0*7071. 

16. In the arnb}(fnoHs case, the area of one of the triangles 

is 71 times that of the other , show that if b be tlie greater 

J) ft *t” 1 

of the given sides and c the less, is less than -* 

c n-1 


16. In the amhi(}uous case, show that the circum-circles 
of the two triangles are equal. 

17. Prove that 


\l-“.TBin</‘/ \ cos 4) I 


(ii) tan 


_] j5o 


+ tan 


1 IqIh 


' + tan 


- 1 tn- 1 "" ^Ti 
1 ■+* tn~ \tn 
= tan”^fi "■ tan"“^<w- 


18. If the sum of four angles be 180®, prove tliat the 
sum of the products oi their cosines taken two and two 
together is equal to the sum of the products of their sines 
taken similarly. 

19. Prove that co 8^-4 -h cos® + ^| + cos®|a- 3 )"" 2 * 

’ [ C. a m3 ] 

A B C ' 

20. In a triangle ABG, if tan ^ 2 ’ 2 

Arithmetical progression then cos A, cos J5, cos C are also 
in Arithmetical progression. 
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21. Give in {general terms tlie solutions of the following 
equation ; 

tan (x 4 b) tan (r 4- c) + tan (x 4- c) tan (a; + a) 

4 tan (x + a) tan (a; 4* , 

22. If ^4-B4-C-180",pro;o that 

(n tan ^ )(l+tan -^jll + lan 

“ 2^1 4 tan tan ^ < an ^ j • 

23. Prove that 

sin'r 4* eiu^// ^ sin®jc;4 sin^Cr 4 jy + r) 

=^2-2 cos (x 4 y) cos {y 4- ' ) cos {z 4 x)» 

24. Solve the following equation : 

tan X 4" tan 4* ^ j + tan jj* 4* » 3. 

1 J/efi side reduces to ^ tin 3x. ] 

25. Prove that in a triangle iBC, 

^ (<7 4 h-r c)** 

4 1 cot ^ 4- cot ^ 4* cot 

26. Provo that 

log sin 8.r = 3 log 2 4 Jog sin x 4 log cos x 
4 log cos 23" 4 log cos 4a:. 

27. Show that in an:^ triangle ABC^ 

A 

log tan 2 “ ^ (s - 6) + 1 o !2 (s - c) - log s - log (s - a)]. 

28 . Trove (.hat (i) *. 

(ii) V-IOR B X af y x-lofi V = 

29 * In any right-angled triangle ABC, C being the right- 
angle show that 12 4 r =■ I (a 4 h). 

80. Sliow how to solve a triangle having given the throe 
peri>endiculars from the vertices on the opposite sides. 



CHAPTER XVI 


GRAPHS OF TRIGONOMETRICAL FUNCTIONS 

102. Changes in the Trigonometrical ratios of an 
angle a.s thn analo increases from 0® to 360*. 



Suppose an anfijle traced out by a revolving line starting 
from OX, changes gradually from 0° to 360°. 

Take a circle with centre 0 of any radius. It is clear 
that in determining tlio trigonometrical ratios of an angle 
XOPi in its different posiiions, we can keep the hypotenuse 
OPi always the same, equal to the radius of the circle. 

(i) Changes in sine. 

■When the angle N^OPt (=• 0 say) is zero, ita'sine is zero. 
As the angle increases from 0* to 90*, the hypotenuse OP^ 
remaining the same, the opposite side PiN*! is positive and 
gradually increases, as is evident by comparing the triangles 
NtOPi and N^ 0 P 2 * 
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P N 

Hence, sinO- - gradually increases, until when 
v-t 1 

0*90®, PgiVe and OP 2 both coincide with OF and sin 0 
"attains its greatest value 1 . 

As 0 still further increases, from 90*^ lo 180®, the hypote- 
nuse OPb retains the same value, hut PsiV'a remaining 
positive, now gradually diminishes from OY to zero, and so 
bin 0 diminishes from 1 to 0, In the third quadrant, as 

0 increases from 180® to 270®, P 4 A\ is negative and numeri- 
cally increases from zero +0 OY', the hypotenuse remaining 
always positive and unaltered, sin 0 is therefore negative 
and numerically increases from 0 to 1 ; in other words, it 
diminishes gradually from 0 to — 1 . In the fourth quad- 
rant, as 0 increases from 270® to 3G0®, PsNs remaining 
negative numerically diminishes from OY' to 0 , and sin 0 
therefore remaining negative numerically diminishes from 

1 to 0 ; in other words, it increases from - 1 to 0. The 
results are therefore as follows : 

In the Jint quadrant, as 0 increases from 0® to 90®, 

sin 0 i«crcasc.s /jOfn 0 io 1, 

In the second quadrant, as 0 increases from 90® to 180®, 

sin 0 diminishes from 1 to 0 . 

In the third quadrant, as 0 increases from 180® to 270®, 

sin 0 diminishes from 0 io - 1 . 

In the fourth quadrant, as 0 increases from 270® to 360®, 

sin 0 increases from - 1 io 0 . 


(ii) Changes in cosine. 

In the first quadrant, as the angle XOPi increases, ONx 
diminishes, from the value of OX at 0 * 0® to the value 0 
at 0 * 90®, and is always positive. 

In the second quadrant, as 0 goes on increasing from 
90® to 180®, ON^ increases numerically from 0 to OX! but is 
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negative. In the third quadrant, ON^ remains negative, 
but diminishes numerically from OX' to 0. In the fourth 
quadrant, ON^i is positive and increases from 0 to again. 

The hypotenuse remains always positive and is equal to 
OX or OX' in magnitude. 

We thus come to the conclusions : 

As 0 increases f707Ji 0° to 90°, 

cos 6 di7nm7hhes fro7ti 1 to 0. 

As 0 increases //07/i 90" to 180", 

cos 0 (hminishn from 0 - 1. 

As 0 increases /i ow 180° to 270°, 

cos 0 mcreascs from - 1 /o 0. 

As 0 increases from 270° to 360", 

cos 0 increases from 0 to 1. 

(Hi) Changes in tangent. 

As 0 goes on increasing from 0" to 90° in the first quad- 
rant, PxNi increases from 0 to OY and simultaneously ON^ 
decreases from OX to 0, both remaining positive ; hence, 

tan 0» increases from the value >%^;“*0to-^ 

ONi OF 0 

In the second quadrant, P^Nq diminishes from OY to 0 
while ON^t becoming negative, numerically increases from 

P N . * , 

0 to 0X\ Hence, tan ON a is negative but numerically 

diminishes from » to 0, tx,, increases from - "to 0. 

Immediately before 90**, tan 6 is positive and very large, 
while immediately after 90°, tan 0 is negative and numeri- 
cally very large. In fact, here, as 6 passes through the 
value 90° from the first to the second quadrant, there is 
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a sudden break or discontinuity in the value of tan d, which 
suddenly passes from a very lari^e positive value to a very 
large nef^ative value, i,e., from the* posiHve to the negative 
side in passing through infinity. 

In the third quadrant, both P4N4 and ON4, are negative 
and p4,N4, increases numerically from 0 to OY' while OJV* 

decreases numerically from OX' to 0. Hence, tan 0 » * 

ON4, 

is positive, and increases from 0 to . 

In the fourth quadrant, P^N^ is negalive and numeri- 
cally dirniniBhos from OY' to 0 while ONj^ is positive and 

P N 

increases from 0 to OX Hence, tnn B =* ^ is negative 

and numerically diminishes from «» to 0, /.c., increases from 
- 00 to 0. 


In passing through 270"*. there is another discontinuity, 
tan 0 suddenly passing from the positive to tlie negative side 
through infinity. 

The results are thercforo as follows : 

As 6 increases /row 0® to 90°, tan 6 iricrcaiics from 0 to^ 

As 0 passes through 90°, tan 0 suddenh changes from 

+ “to- “ 

As & increases /row 90° to 180°, Ian 0 increaHcH from 

- 00 to 0 

As 6 increases from 180° to 270°, tan 0 increases from 

0 to » 

As 0 passes througli 270"*, tan 0 suddenly changes from 

+ po to - » 

As 0 increases ftom 270° to 360°, tan 0 increases from 

- » fo 0, 
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(iv) Changes in cotangent. 

Prom the chanfres in the value of the tangent the 

changes in cot 0 = , ^ ^ are traced as follows : 
tan 0 

0 inrreasing from 0° to 90*^, cot 6 (iiminishcs from 

<0 0 

0 increasing /; 07/1 90° to IBO, cot 0 cUminishcs from 

0 to - ^ 

As 0 j)as‘=os ihrongli 180®, there is a sudden change in 

cot 0 from - <» to + «» 

0 iru-reasiiig /.'-o/zi 180® to 270°, cot 0 dhiLiniahcHfrom 

+ «» fo 0 

0 increasing /ro7/i 270® to 3d0°t cot B dhuiniahes from 

0 to - ^ 


Ab 0 pa‘^ses tJu’uugh 300^ cot 6 agaiii suddenly changes 

from - to + o® . 


(v) Changes in secant. 


For see 0= - ^ fho results are as follows : 
cos 0 

F)0m O'’ to 90® ior 0, sec 0 inctrasca from \ to ^ . 
Here, there is a sudden cliango from -1- to — co^ 
Tlion from 90° to 180°, sec 0 iitcrrasrs from - °°to-l. 
From 180® io 270"’, sec B divdnifihrs frovh- 1 to - ^ , 
Here, again thoro is a sudden change from - ‘»to+ «», 
Then frovir 270° io SGO**, SGij 0 ciiminislips from to 1. 

(vi) Changes in cosecant. 

For cosec 0 •*= . ^ tlie results are as follows : 
sin 0 

From 0° to 90°, cosoc 0 diminishnn from to 1, 

From 90° to 180°, cosec 0 increases from 1 /o «» . 

Here, cosec 6 suddenly changes from + <» to - » , 


18 



194 


INTERMEDIATE TRIGONOMETRY 


Then /row ISO** to 270**, coaec B increases from 

- « to -L 

From 270® to 360®, cosec 6 diminishes f rom - 1 to - ^ . 

As B passes through 360®, cosec 0 ai-^ain suddenly 

chan^^ca from - ” to + “ . 

Note. As & increase's by^ complete multiplos of 2ir (/.e., I^GO®) wo 
know that all the Trigonometrical ratios remain unaltered. Ttonoo after 
360", as 9 goes ou increasing, tbe same series of values for the ratios 
are repeated over and over again for each complete revolution of the 
revolving lino. The trigonometrical ratios are therefore all of them 
periodic functions having the same period 27r,* after each of which 
the same cycle of values is repeated. 

The t'hanfTea traced out ahovo, of the trigonometrical 
ratios, may ho mucli more clearly doraonstrated to tlio eye 
from a study of ilioir graphs. 

103. Graphs of Tri^fonometrical Functions. 

Just like algebraic functions, trigonornotrical functions 

(?,c., sin a*, cos cr, 8in^2.r + tan^ * etc.) ina^^ be conveniently 

represented by means of graphs, showing their changes wdth 
the change in the values of the angles. 

The method is tlio same as for graphs in Algebra. Two 
straight lines A"OA^ and YOY\ intersecting at right angles 
are taken as axes of co-ordinates. Along the rr-axis, the 
angles are represenidd on a suitably chosen scale, i)Osiiive 
angles along OA", and negative angles along 0 A'"'. Along the 
t/-axis the values of the trigonometrical functions corres- 
ponding to, tl»e angles are represented ou a suitably chosen 
scale, positive values hoing measured upwards (along ODi 
and negative values downwards (along OY'). Tlius, the 
abscissa and ordinate of a point stand respectively for an 
angle and its trigonometrical function. 

* tan d and cot 9 have a period Wm 
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Plotting a number of points in this way and joining them 
freo-hand, we get the required graj^h of a given trigono- 
metrical function. 

104, Graph of six x or stne-omph. 

Lot y = sin x. 

Using the table of natural sines, the corresponding 
values of X and y are tabulated corresponding to the values 
of X differing by 10** (the values of y being correct up to two 
l>^lcos of decimals) as follows 


X '-00" ,-80” -70” l-GO” 1-50” -40H-30” -20”[-10”i O' 

I I I 

i “1 ~*08i-*04 I ->'7 ' -•77'-'Gll--50-‘34|'-*17 0 

fciuai I , I I I 

X 10” '20” 30” 14 0^ 50”. CO” 70” j 80” i 90” 'l00”jil0”|l20”| etc. 
' 'I’f I *34 1 *50 , *04 i *77 i *87 j *04 ‘98 1 | *93 ' '94 , *87 , etc. 

Bin. z I I I I I 


Now, lot tlio scale he so chosen that 1 small division 
along OX represents lO’*, and 10 small divisions along OY 
represent unity.* 

Tlie points corresponding to the tabulated values are 
plotted on the graph paper according to the scale eliosen 
and joined free-hand. 

The graph is as shown on the next page (drawm here 
lietween the range - 180** to a;*= + 360®). 

‘According to the graph paper supplied and the range within W'hich 
the graph is to be drawn, the scale should be suitably chosen in each 
individual case separately. 
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Note 1 In the table of natural sinta, Bines of inf^ks fiom 0® to 90® 
onl/ aro available With the help of the foimnlaj sin (-*i0)= — sin 
Bin (180'’- — sin ^ sm (1S0®+^?)- — am d ot<* ot Chapter IV however, 
the tibiilit on for sin 0 shown abovf outsid ib rinn of 0® to 90®, 
IS f d 

S rn lar is 1 he rue of il ’if on foi )*'h^r ^r^phs in tin following 
pi es 

Not© 2 T c( d nit i tt I u j J} i 

I rom the fi/uio the follow ng fflifurts vmII bo ipannt — ( ) the 
1 [h IS conlnnois iiil wav} in form (ii) the inaMmum viluo 
of in 1 IS 4 1 ind the m nirniim \ lie is —1 thesi values boing 
iftimecl for \al i s of a- wbuh arc old iniPiplos of 90° (ui) mix 
is 0 at tho on m and at [oi us for which x is m tvtn multiple of 

JO® / f, uu null lie of ISO® (iv) ‘hat sin -x j -sin 4- rj* 

iu (tt — i) sin ^ sin (- i)= -sin T sin {ir 4 a)= -s n x etc (v) since 
sin tii7r4- j)--sin t the tort )U b tweon 0 to 27r is r p a cl ovi r and 
f vcr i u on ouhr r sidi 

105. Graph of cos x or co^i i -naph 

lift 7/ cr« r 

Usin:? fclie t ibie of nafuia,! cobiuos ( ee Note 1 of the 
ptmou^ Aiti l()t ilie ( orit ^pondmc v^Lls ot x and y aie 
tabulated afc inters aK of ’0** for x as follovss — 


3! 

-00® - 

‘'0° 

1 

0 

O 

1 

GO® 

-50 

® -40® --iO** -20® 1 - 

10® 

7/ or 
COfl X 

0 

17 

u 

50 

Cl 

‘77 87 , 94 

9S 

1 

‘ 1 

0’ 10° * 

20® 1 

90® 40® 

1 50» 

i 

60® 

70*180° 00° 100° 

lie® 

etc 

y or 

OOB X 

1 1 9& 

94 

87 77 

61 j 

50 

1 i 1 

34 17 0-17 

1 

- 34 

etc. 
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Cosine-graph 
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^Tow, choosing t/he scale such that 1 small division along 
OJT represents 10"*, and 10 small divisions along OY repre- 
sent unity, the points corresponding to the above *tabulated 
values are plotted and joined free-hand. 

We then get the required graph, which is shown on the 
annexed page (biiown here hetwcen the range - to +2;? 
of a’). 

Note. It is appiront from th^ figuro, that the cosme graph n* 
eracUy the S7hic as the suie-tiripji only bhiftcd wholemlc backwards 
(to the left) thfough a sp icc of 90®. 

Tin:? is (iu»' to the fact that sin f90®-ha,)-* cos x, or sin a;=cos (ar-90®) 
so thT.t the ordinatM in tlio siuo-^raph corresponding to any valuo of 
ar==tho ordmatG of the co-iue-graph corresponding to a valuo of x which 
IB 90® than b^dorc. 


106. Graph of tan x or iaivfcnt’graplu 
Let tan x. 

Using tlio table of natural tangents, the corresponding 
values of x and y are talnilatod at intervals of 10° of x as 
follows : — 



Now, clioosing th*' stale such tliat 1 small division along 
OX represents 10°, and 3 siriall divisions along OY represent 
unity, the points corresponding to tlio above tabulated values 
are plotted and joined freo-hand. 

The graph is as shown on the next page (shown here 
bet^veeu the range - .-i to + 2n for ir). 
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Tangent-Graph 
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iNolc. Piculiar tiles oj i/u tatifftni graph. 

From thfl ligiiro, tho following' points iv ill be fippir<i(afc : (i) Thdt 
the cur\e is not continnons, bul » onsisls of Si]'i at»' bn»ncho 3 or 
portions, the points of disconliii boing thi r oorros* 

poiiding to Mio 0(1(1 muUipb'.of (n) \ i p^i s thto tbc!>e 

pnntis from Iho If ft i lit, the iftlui of tan x sudhulv (hinges 

fiom V( r\ ]os live iilins on thi loll to \ ny ruigitivo 

\xliios on the light iil Tli » inn^ prilkl to / i\ a coni'S^onding 

to -the odd mnlLi}_l i of ^ on inuOT-h u,p\>u> ichod the grtph 

on oitbc’rsidf, ’ i* nivoi icltnll' nn t Sichhn •. nfiilbd i’'inptoLs 
to the (ur^o (i\) i in f 7 r+ I’l tin i cith bnneh i& siiajly 

a rt|.( ti ion of the 1 r inch fici » ^ ^ 2 * 

107. Graph of col \ oi oi in it ni laph. 

Aj; before tlie " ili»es of or aucl v ( (ot x) aio lahiilat/ed, 
and t\ the ^aiiu' s ih is j»i the tan rnt*^ rajdi the jiouUs 
are i/Iotfod and io mki {iLf-liirn. 

The ,^raph ^ bliown on the P^\t pa (h^^tween J -n 
to ? — f Sti). 

Tins aSo, liLe tho Ian ’fut raph, s di^t ositinuou^, 

tho points of dis(On^ nu t> hen and x - nn. Tho 

portion hct\\'‘en r^O a^d r^n ^ ropeded o\ci and over 
a^ii n on eifnni s do, < on->o(jUC'it from t]i'‘ formula 

cot {nn a) - I of .r 


108. Graph of co<^ec x or (osi^fUit- mph. 

The c "irresiiondirp tahios of x and y are t^hnlated at 
inte*rsals of 10** of x as follows — 
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iS5SSSSS&S&31SSSS55SSSS5555m5S| 


|SSiS88SSSSSSS8SSSSMSB9S8SsSSSiS8S^^ 
|888888S8SS8888SSS8888SS8SSS8S88888SSSS8S 


iBaiaaaaaaaair^rMnBasHaaaai 


.■■■■■■aal 

laaaaaBaaaBaaiaaaBMBlaiaaaaaaaaaiiiaBBaBal 

iBBBBBBaaaaBBEBBBBBEBBBBBBEBBBBBlBBBBBBBal 


|BBBBBBBBBBBBBBBSBBBBBBaBaBBBBB88B8l 

" IZZrjBBiBBPBISSiiBBBBBBBBliaBBBBBEBBBBBBBBl 
iBBBBPBSSSSSSliaBBBBBBBMiBiBBBBBBBBBBBaBr^ 
~~1IBBBaBBBflBBBBBBB(iilBBBBBEBBBBBBBBBBB| 

inaHl 
IBBBil 


SiBBBBBBBaBBBflBBBBBBBlBBBBBBBBaBBBBBBBI 
BBBBBBBBBBBBBflBBBBBBBBiBBBBBBBBBBBBBl 
BBBBBBBaBBaBBflBflaBBaaanaaBBBlBBSSNBBI 

^BBBBaBBBBBBBBBBBBBaBBasaiBBBBBBBBI 

BBBiiBBBBBBflBflEiBEiiSiaBBiBBaBBBBI 
BBBBBBBBBBBBBBBBBBBBBBBBiflBBBBBBI 

BBaaBBBBaBBBBBBB BBBBBBBBBBBBBBBBIL 

iBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBI 

888SSS88S88S8888888S8i8888888888888S 


IBBbI 


I BBBBBBB|BBBiBiBBalSlB EBBBflBBBBBBiEEBBI 
l■fl■■BBBEB 8 flBBBiiiBiia■Bii|BBBBBBBBB■i 

SS:SSBB|«;»nBBBSS8;BS88Hfi! 



in — ■ ■■■■■■■■■■■■■■■BWWWWW— ■■■■■■! 


Cotangent-Graph 
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m 








'■■■■SBagsaaii* I 



I ■■■■■■■■■■■■■■■■»■■ ■■■■MiaBiaaBBaaaailB 1 

1S88888SSRSSSiSS58S8Bis»8SS8i88i 

liar 


laaBBai 

laBaaaaus, 
|si«aaaaii 


aBaaaBBaBB«gaaaaBaBiaB8iiaaaaaa| 

SI95SS8i8888888g88888S|BH88S|| 
88888asi888888SSiU^ 

8888888 8888S8S88bb8Bmi 

■■■■■■■ ■■■RUiamiMaai 



■■■l a gB mmg BaaBagagagBag. . 

ISaBBBiSBaaBBBBBSBBSaBaaBSSaBaS&a^ 

iBBBaBBgigBBBBBBBiBBBiBBBL^BBBBBBBBBaBiBEgl 

iBBflBfBiBiaaBaBBBBBBBBBBBBSiBBaBBBBBBir 

iBBiBEBBBBBflBBBBBBBBBBBaBBBIiaiBaBBiBBBI 
|BBBBaB8BBBaBBBBBBBBi3BBBBBBaBBBfiaaS«B&.„. 

I BaBaBaBBBBBBBBBBBBBH BBaaBBaBBBBBBBBBBBl 

'laBBBaBaBBBBBBBBBaaBBBBBBaaaf' 

laBBiBBBBBBBBBBBmiaBBir — ” 

liaBBBaaaaBBB Mr 


Cosecaafc-Grapl 
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[If iho table of natural r-o.^ocants be not available, the 
of*natural siuob may bo URotl and the values of cooeu x 

' mav })o caloulalofl for dilTer.mf of r. 1 

Sin 0* 

Tlio scmIo 'Gj fio clio.rti fliaf 1 small divibmn aIon;f OV 
re])r^->Hnls lu°, .uui suiali divisions alon^^ OY reprcicnt 
im ty. 

Tin tnbnlatcfl po nt, ^iro novv ) lotted jiitd 3 ^nnoi freo- 
Isand. 

Tlio ;'ia])h i‘- ‘ lirAvn on ll.e ]»rouoiis pa[,e (bet \\ccmi the 
raujo - ji to r - ^ti,) 

NoU 1. Till'S piajih also rotiMtiu of detached hea}cJu<\ the 
of tlisi'ontinnity hmiig .r--0 nnd ,i -T<ir. Tho \alue of ?/ inner licb 
betwc'en ±1, b^'’n(; greater than I or leb«5 than —1. ThelitHS 

j * «ir aco asyiiixitotos. Tho portion Ixtnocn t-O to t -= 2?r is r^pialml 
on either side, over and over n 'am. 

109, Graph of sec x or 'ruidi,. 

The eoiTosjiondiii'^ values of x and y (- sec are tnfm- 
jatod !ib ill the case t o-ei aiil-eraph, by makinf; use of the 
table uf cosinott, if a table of sei ants be uot available, 

Wttli the same Kca!(* as in the cosecant-graph, the 
tabnlatod points lmio*hoen plotted and jojiied free-hand. 

graph IS showu in iho adjoinin'; page (bet woen tlio 
range x — -n to x - 2n) 

Note. It is ax-iiiiront from the figure that the 8ccani-oraj>h is 
exacUft the same as the casecxat-graplu only shijted baclv^ards (to the 
lejt) through n of 90^ 

This is due to the fact that coseo (90® -H x) “ sec x, [ See 
mU below Ait 106 ] 
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Se^aiit'Graph 
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110. Oraphg of other Trigonometrical Expressione. 

Graphs of other frigonomeferical functions may be 
obtamo(^ in a similar manner. 

Wo illustrate this by an example. 

Ev. Draw the graph of g — sm x -i- cox x between the 
lawje x^O to and find from the qiaph the values of x 

for which 0 ) 2 /“ 0 , (ii) y u mnxinvim, [lu) y is mimvinm. 

I r. u, mi ] 

From the talile of natural sines and cosines, corresimnd- 
ing to eai’h /alue of x, the values of sin x and cos x may he 
separately ohtamed and then added to gno i/ , or else we 
may write y^^mx t cos 2 = x^2{sin x cos f-cosr sm J:i) 
« sin (r + i’l), and torrrsiKniding to any value of a*, 
sin (a* 4 i;*) may be deduced from the sinc-tablo, and this 
multiplied hy ^^2(“ 1*414) wdl give y. 

The corresponding values of .t and y are tabulated at 
intervals of J0° of £r, hetwoon the interval .r*®!) to ^■*2^ as 
iollows : — 




10® 

i!0“ ! 30* 1 10“ 50“ eo“ 

1 70° 

1 I I 

1 80“ 1 90“ j 100” ^ 

y 

' 1 

1*15 

1-27 1 37 1 l-ll 1 1-41 1 1 37 

,1-27 

I " “ , 

, 1-15 1 *81 1 

X 

j no® 

jj20' 

130“ 140“ 1 160“ ! 160” 1 

1 1 1 1 

170® 1 

> 

180“ j 190“ j 200* 


i -59 

i 

■37 

i -18 I -‘isl --Dll --so' 

1 _ J _ _ __ 1 

-*81 

-1 i-1'15 -1'27! 

L. 1 . 1 
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Qraph of sin z *!■ ODS 9 
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or 

210° j 

220® 1 

2 30® 

240® 

200® I 2G0® 

270® 

1 280° 

y 

-1 37 

*-1 41 

-1 41 

-1 37 

-1 27 -1 15 

-1* 

I -81 

T 

i 200 

:iou® 1 

310” 1 

320® 

e 

O 

340® 

350® 

i SCO" 

V 

1 1 

1 

- SI 

- 13 

i 

in 1 

•37 

1 6‘J 

•81 

1 1 


Thoscuit 18 cliosen so that Ismail division along OX 
represents 10°, and 10 sniall divisions along 0} represent 
unity. 

The tabulated points are now plotted and joined. The 
graph '8 as shown on the i)ro\ lous pa 

From the griph wo find that (i) t/- 0 when r«= 135° and 
(r«315^ (a) v is ma^imuiu when 1")°, (in) y is minimum 
when a =*‘225'* 

111. Graphical Rolulion of Equations. 

Trufonomotrital ciiuafunis, just like algebraic equations 
may he Rohed ^nphiially In fart m nian\ practical cases, 
parlicularI^ where the solutions are not obtoined in terms of 
the standard angles the grapliical method of solution is the 
onl> one which is found < onveniont and is actually adopted. 
The method is illustiated by the following examples. 

Ex. 1. Solve niaphnalUj the eqmition 2 sin^x^co^ 2r, 
(jntno only those solutionis of x whuh he heUrcen- ” and 

[ c. cr. im, '40, '48 ] 

We draw two graplis, namely 

V «» 2 8m®jr ( » 1 - cos 2 j) 
and y cos 2a? 

by tabulating tbe c orrespondmg values of x and y for the 
two cases separately, making use of the table of natural. 
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B aaBsanHHnBBBaBBBBBBBBESSSSQBS 

■aMBMMBWBBBBBBBM WIWWB BBB 

■■■■■■■■ ■■■ ■■■■■■■■■■IBIBbbbbbbbb 

■■■■■■■■■■■■■■■■■■BB55BSBBBBBBBB 


Graphical solution of 2 siu‘‘^£i? — cos 23$, 
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cosines, for the range x - - ^ to at intervals" of 

10" or ir/ of 

With tlio same scale, namely, J small rlivision along OX 
represnnhing 10°, anfl 10 sfiiall divisions along OY represent- 
ing unit\* We plot the iabulatinl valiK's for the two cases 
in the same graph paper, and ](dning thorn, we get the two 
gnii>h8, as shown in the adjoining page. 

Wo find that the two graphs intersoot, and tlins ha\e 
the same ahsciss-e and ordinates at the i^oints tor winch 

71 .-I 071 In 

/■ esz — I * y 

(i G <; G 


Thus, 2ain‘^r~ cos 2.r is satisfied tor the values o) .r 
given hy 


n 



n 

G 


7n 

() 


wdiicdj are the required solutions witliin the range 



Ex. 2. Solve inaplucallv the equation iinir-2x heiireen 
and .r= * [ 0. U, lfhi9 j 

Here, or is supposed to ho moacured in radians. 

First of all we draw separately two graphs, namely 
y-2jr — ••• (i) 

and ••• ’■* GO 
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s:::::s:::s:::s::::s:s!Ss:s::s!ss:s:s;s:::::::!»:hs::s: 


iiiiiiiiiiiiiiiiiiiiiiii!!!!!! 



KKS 

■■■■■ 

■■■■■ 

■19 

BKll 

■■■■■■■ 

l 3 ||MBi|a» 

:sssss!;:;:siK8K8ssss5ES8sssgsssBs»iissssssiiissiis! 
SSSSSSsiSaiSSiSSSSSSSSiSSSSSaSiSSBSSSSSSSSSSSSSSSSSSSSi 

:8SssSi88iBS8iii3:8ss8a8:;3s::::s::::8:s::::::;:s:;s:s:i 

::S:SSlsiSsSsH!SS8SSBSiS8:888SS:SSSS8S8»8888:888888S: 

■■■■■■■■iBipalaaBPS«Miiaiiaa!faS555!5SUi5SSS555S!!!S5SS 

■■■■■■■a 

aaa*' 

■aai 

■Baa<^ — 

^::s!i888 

iBiiiaiiBr 


!h: 


IBBE 

IBME 

IBM! 




Kii^sssSiiSiBMBBSvnBBsrsBBiavsBSiiBiifmBBmBiiiiB 

■ ailijllBBBBaBIBBBBBBBBEBBPBBBBBBBBBBlBBtlBlBBBBBiBBBBlB 


Graphical solution ot tan x = 2x. 
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The corrosp<ju(lins values of x and y within the range 
X ~ 0 and x = ^ are lahuliitod in case (i) as follows ; 


(in radians) j 

yd r. •i.c) ' ^ 

Value) 


otnl in casfj (ii) hk follows : 


0 1 ;i ' u j 

TO^J ‘2’ 10 .'l-iri ' 


(in mdiaub) ' ^ 

■JT 


•Stt ' 

^TT 1 r)Tr 

r,Tr 

Ttt 1 

Sir TT 

is 

18 

IH 

JH 18 , 

18 

18 1 

18 2 

y {i.e. Un .r) 1 * 

|(nuinoncal value)' i 

‘18 

1 

*80 

'■57 ! 

1 

‘84 1-19 ' 

173 

‘2-75 1 

1 i 

5-G7 1 oo 

Now, choosinjj 

: i he 

Kuine sc 

ale, nttiiK' 

ly o 

small 

div isinns 

alon^ OX to rcin*os(‘rd 

71 

IH 

radians, and 

10 

small 

di\ isions 


alon^ OY to roprosoiit unity, wo plot tlie tahulalocl points 
for tlio two casos in the san)(‘. i,raph imiior and joinint; thorn 

wo }:^et the two j^raphs wifliin the ranj^e .r ~0 and ^ as 


shown in the adjoininfi 2)a^‘o. 

Wo find tliai tho two j;rui)lis intorseet at the jioint 
{^ivt'n by .r«®0 and alsiv at the ])nint correspond to 33‘5 
small divisions alon^; (l.V, which, from our chosen scale, re- 

l»resontH ;r - '^'1 ^ ^ ratlians- 1*17 radiaiAS (approximately). 

J-lonce^, the ^dven equation tan a* ~ 2a:* is satisfied between 
ir==“'0 and ^ l>y the values of a*, namely a5^0 and 

Is 

.r-*"!*!? (approximately), which are the required solutions 
in radians. 


j 
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Examples XVI 


1. Draw (he graphs ot 


(j) Mil 3r hofuet'Ji .r — ()“ fo r-JBO**. 

(]]) tan ji l)(‘Dvt‘on i - iji f o — 3i. 

(iiO s ji 0 ( ns 0 brtwciMi 0 ji to 0 - 4 ti. 


(in) 


I 

( os“0 - sm"0 




2 


io4- 


7t 

O 


(\) r OS ('r sill r) r O to r - 

(m) sn 0- (Os 0 l)C‘l\\(.^en if) d 71. 
(a i) ^ (oMf i 1=0 tor 271. 


2.(0 Tia(o tlu' ciuuues m tlic si^’u of cos0~Bni 0 as 
0 (liari'Os lioin 0° to 360** Vonl^ ^oiir conolnsioiis by 
a si.ilili 


f'l^ Tract' Ibo < Jiani^es 
2 m 0 ” in 20 
2 sill 0 4- s n 20 


ui sit'll and inatniliido of 

1 B 11. U. J9rl7 I 


3. Di i\v ftic' j.^rapli o{ // = sin (t f Jti) between tbehrmts 
j" — - .n and r -t .-i. 


4. Draw Ibe ^jsmplib of sin 0 and eob 0 liet ween 0 0 
and 0 71. Find the iioiidh wlierc' Ibo ’^rapbs intersot't. 

[ C. V. 1936, ’i0l 

5. Corisfrmt tlio t^raplis of fan x and r c»s .r between 0 
and \7i fo' r, making a tabnlrtion of tfie values of y dividinj’ 
tlie iiifer\ft] into 0 equal paits. 

If Ian .T- cos r, fincf api>roxiinately the Yalii<'’of or from 
the abo^e two j[»raphs. [ C. T". 1943 J 

6. Obtain f;rai)lncally a solution of fbe equation 

tan r* I, between a* - 0 and [ C. U. 1037 ] 

[ Vrau thf graph*s of y— tan a- ana v®" 1 
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7. Draw tho j^rapli of cos r-sm 2x lor 'values ol r 
Wtween 0° atif] 90° and home obtain the Ica^t ^alne 

ol tofi J *- sin i^r in this r.inj^'o. 

8. Hohe 1 rapine all\ I ho equal ions 

(i) r-lnn x 0, lx tween t“- 0 and r 

I 6 l\ 1915] 

(ii) 0 sin 0 + 2 <os D lie! ween 0-0° and 6- 270° 
Ihaii ih( q)a}hsof ?/~ > /» 0 J (o^i) ami anl itml f! c 

I mn m( n points j [ C ( 191/ ] 

(iii) ift 0 tan 0 2 between 0 0 ind 0 n 

[ ( f . 1919] 

(i\) i(»s(e r ( ot r + ^ d, 0 and n 

^ ) < ()s 1 sin 2i + ^ Ik Iwei n i - ^ snd f ^ t 

5 -tan X 2e, Ixlween 0 ind 2n 
(mi) 2 SHI r t r 10 
(mu) i “ - ( cm { 

(i\) r- (OS“T 

\_ Drau tJkn]} t] k ojy-iu and / 2 -1 1 

9 . Ih prose 111 b\ i i ipb the elisplue me nt \(ii 1 a 

s = 2 sin i sin 1/ 



CHAPTER XVII 


HARDER PROBLEMS ON HEIGHTS AND DISTANCES 


112. Some simple practical applications of Tri^^onome- 
try, dealing with easy problems on determination of heights 
and distances, have already been discussed in Chapter V. 
The problems in the present section are of a more general 
character, requiring for their solutions, the general rela- 
tions between the sides and angles of a triangle, as also 
some geometrical skill. 

113. To find the height and the distance of an inacoes^ 
sible object stQ,n(linq on a horizontal plane. 



Fig. (i) 


Pig. (ii) 


Lot CD be the object, which is observed from a point A 
on a horizontal ground, a being the observed elevation of 
its top C. Let h be tlie required height CD* and d the 
required distance AD of the object from A, 

Case L If possible, measure off any suitable distance 
AB i-c) from A directly towards the object, and from B let 
the observed elevation of C be 

• P14/1 
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Then, from fig. (i), 

^ * AD - BD ~ cot a - cot 

^ \sin a Bin fif fiin a Bin |5 
/ . h^c sin a sin /3 cosec (jS -- a). 

Also d “ AD -hcota=^c cos a sin cosoc {fi - a). 

Note. Each of the above exproshions for h and d is in a suLablo 
form for logarithmic computation. 

Case JL If however it is not convenient to measure 
the length AB directly towards the object, we may proceed 
as follows *. 


Measure off the length AB(“c) in any suitable direction 
from A, Prom A let the observed elevation of C be a as 
before. The angles CAB and CBA are also observed from 
, A and B respectively. Let these be 6 and 
We get from fig, (ii) in this case, 


in AiBC, 


AC 
sin <fi 


AB 

> 

sin C 


sin (180* - 0 - d>) sin (d + d>) 

. AC -c sin ^ cosec (d + <#»). 

/. AC sin a » c sin a sin <t> cosec (O + <#►) 

and d ^ AD ^ AC cos a cos a sin ^ cosec (B + ♦). 

Note. Hero also, the expressions for h and d are suitable for 
oaloulation b; logarithm. 


114^ To find the distance between Uoo visible but 
inaccessible obfcots. 

Zjet P and <3 ^ objects whose distance apart is 
[required. 
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<Pake two suitable points A and S for observation, ""the 
distance between which is measured, say c. 

Q 



At A, measure the angles PAQ, PAB, and^ QAB (the 
second observation being unnecessary if all the four points 
P, A j B, Q are in the same plane, for in that case, ALPAB 
“ A^PAQ'^ A. QAB). Let these be 0, a and ^ respectively. 

At B, measure the angles PBA and QBA, and let them 
be y and S, 

From APAB, 

sm y sin (IBO - a - y) sm + y) 
whence, PA = c sin y cosec (a + y). 

Similarly, from AQAB^ 

QA-c sin 6 cosec + d). 

Lastly, from C^PAQ, 

PQ^ » PA^ 4- Qi* ~ 2P.4 . QA . COB 6. 

Thus, PQ is determined. 

115x. Some more illustrative examples of 'harder pro- 
blems on heights and distances are worked out below* 

Ex. 1. A flagstaff is fixed on the top of a tower stand* 
ing on a horizontal plane. An observer walking directly 
towards the foot of the tower, observes the angle subtended 
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by tJie flagstaff from two positions on his path to be the same 
^na^nely 6,^ The distance between these two positions is 
and the angle subtended by the tower at his first position is a. 
Find the height of the tower^ and the length of the flagstaff. 



B D 


Let CD be tbo tower, PC the flai^staff, whose heights 
required are h and I respectively. A and B are the points 
of observation. 

*.* LPAC-^ JLPBC^B, the points P, A, B, C are 
concyclic, 

Z.CBD-Zi^PC -90“- ZP.4Z)-9O“-(0 t-a). 

Now, AD - BD -h cot a- h cot ipBD) 

■* h {cot a - tan {B + a){ 

^ Ism 0 cos (B + a)) sm a cos {B + a) 

/. • = (Z sin o cos (6 + a) sec (8 + 2a). 

Again, from AAPC, 

. i ^ h ' ^ d 

Bin 6 Bin A PC sin a cos {B + a) cos (0 2a) 

/• Z * i sin d sec ($ -f 2a), 
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• Ex. 2. A man walking towards a building, on which 
a flagstaff is fixed, observes the angle subtenrkd by the flagstaff 
to be greatest, when he is at a distance dfroin Hhe building. 
If 6 be the observed greatest angle, find the length of the 
flagstaff, and the height of the building. 



Let QB be the b^lildinf^, and BQ the flagstaff. It is 
easily seen from* Geometry that the point of contact A of 
a circle through P and Q touching the path of the observer 
on the ground, is the point at which tlio angle subtended by 
PQ is the greatest. 

Thus, L.QAB- LAPQ-a say. 

Then, jL PAB f L APB = 90^ 

or 6 + 2a=«90®. ••• (i) 

JNow, PQ « PB - QB ~ d tan (0 4- a) - d tan a 
^ (0 + a) _ sin a| 

Icos (0 + a) cos a) 

sin 0 ^ sin 0 

cos (0 + a) cos a cos (0 + 2a) + cos 0 
* 2d tan 0. [from (i) ] 

Also, QB d tdn a * d tan I ^ ^ j’ 
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Ex. 8. TJie angle of elevation of a light at the top hf 
a dUtant tower from a point 12 /f. above a lake is 24** 55', 
and the angle of depression of its reflection in the lake is 
85® 5\ Find the height of the tower correct to two decimal 
places, having given 

2 -'30103, 3 -'47712 

log 688 - 2*76938, log 589 = 2’770l2 
L sin 10** 10' -9*24677. 


L 



Let L be the light at the top of the tower LM, LEO the 
ray from L, which reflected in the lake at B, reaches the 
observer 0, so that OB is the direction in which the 
reflexion is seen, and thus from the laws of reflexion, 
fLLBM^ which is evidently equal to the 

angle of depression of the reflexion, 35® 6'. 

Let $ denote the angle of elevation of L from 0, 
i.e., 24 * 55 '. 


Now, from the figure, in AOBL, 

_Bp „ OB ^ 12 

sm {B + 4) sin {4 - ©) sin 4 sin (4 - b) 

. sin (<? + <f>) sin 60® 

• • ft - BL am * = 12 -r^ - 12^j^ 

6 %/s 2 8^ 

"sin (10* 10') "sin (10“ lO)' 
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Honoe, log fe=log (2.3^) -log sin (10*10') 

•= log 2 + 1 log 3 + 10 - li sin (lO^lO') 

= ’30103 + 1 (’47712) + 10 - 9’24677 
= 1’76994. 

From the givmn data, it is seen that 

log h lies between log 58’8 and log 58’9. 

Hence, if h = 58’8 + r, diff. Jor ’1 = 1’77012 - 1’76938 

= ’00074, 

and diff. for x = 1’76994 - 1’76938 - ’00056. 

m 

/ . by the theory of proportional parts, 

or* KA 

= ‘075 =*'*08 approximately. 

Thus, h = 58*88 ft. 

Examples XVll 

1. The angle of elevation of the top of a palm tree 
standing on horizontal ground, observed from two points 
A and jB, distant 40 and 30 feet from iho foot, and in the 
same straight line with it are found to be complementary. 
Prove that the height of the tree is nearly 36 feet, and that 
the angle subtended at the top of the tree by the line AB in 
sin'"^^. 

2 . The angles of elevation of an aeroplane from two 
places one mile apart and from a point half* way between 
them are found to be 60*, 30* and 45* respectively. Show 
that the height of the aeroplane is 440 ^/6 yards. 

S. A building with ten storeysi each of equal height 
X ft., stands on one side of a wide street, and from a point on 
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thj other side of the street directly opposite to the buildirg, 
it is observed that the three uppermost storeys together 
and the t^jvo lowest storeys together subtend equal angles. 
Show that the w^idth of the street is x Jl40 ft. 

4- A two-storeyed building has the height of its lower 
storey 12 ft. and that of the xipper storey 13 ft. Find at 
what distance the two storeys subtend equal angles to an 
ol)server's eye at a height 5 feet from the ground. 

[ Ans. ^/2135 ft. 1 

5. A vertical rod is erected in a horizontal rectangular 
field ABCI), The angular elevation of its top from Ay By 
Oy D are a, y. d. Show that 

cot**a - cot®^ = cot®d “ cot®y. 

6 . The angles of elevation of a bird flying in a hori- 
zontal straight lino, from a fixed point at four successive 
observations are a, /J, V, d, the observations being taken at 
equal intervals of time. Assuming that the speed of the 
bird is uniform, show that 

cot® a ~ cot®d = 3(cot®i8 - cot®y). 

7. A man on a hill observes that three towers on 
a horizontal plane subtend equal angles at his eye and that 
the angles of depression of their bases are a, Y. If a, b, c 
are the heights of the to%Yers, prove that 

sin - y) ^ sin (y a) sin fa “ i®) ^ 0 
a sin a b sin ^ c sin Y 

8 . A gun is fired from a fort F bX ^ distance d from 
a station 0, and from two stations A and B in a straight line 
with 0 and distant a and h respectively from 0 , the inter- 
vals between seeing the flash and hearing the report are 
t and t\ Show that the velocity of sound is 

/{d® -ab)(a-b)^ 

^ at'® -hi* 

A person observes the elevation of the top of 
a telegraph post which is E. S. E. of him to be 46^ and 
at noon, the extremity of its shadow is to the K. E, of him ; 
if the length of the shadow be x, show that the height 
of the post i8X^/2^ 
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10. A straight tree on the horizontal ground leans 
towards the North ; at two points due South and distant 
a, b respectively from the foot, the angular elevations of the 
top of the tree are a and fi. Show that the inQjination of 
the tree to the horizon is 


tan“ 


i( \. 

\a cot fi-b cot a) 


11. An observer on a carriage moving with a speed V 
along a straight road observes in one position that two 
distant trees are in the same line with him which is inclined 
at an angle 6 to the road. After a time t, he observes that 
the trees subtend their greatest angle ; show that the 
distance between the trees is 

, 2Vt sin 6 sin 4> / (cos B + cos 4>)> 


12. A train travelling on one of two straight intersecting 
railways subtends at a certain station on the other line, 
angles a and jS, when the front of the first carriage and the 
end of tlie last carriage reach the junction respectively. 
Show that the angle of intersection of the two lines is 


tan"*^ 


2 sin a sin 
sin 


13. Two vessels are sailing in parallel direction^, and at 
one instant the bearing of one from the other is q N. of E. 
After an hour’s sailing the hearing of the first from the 
second is jS® N. of E. and after another hour the bearing 
is y® N. of E. Show that the vessels are sailing in a direc- 
tion 6^ N. of E., where 

sin (a - B) sin (v ~ /5) = sin (jS “ a) sin (v - 6), 


14. A rod of given length can turn in a vertical plane 
passing through the sun, one end being fixed on the ground ; 
if the longest shadow it can cast is times the length of 
the rod, calculate the altitude of the sun, having given 

log 3 = ’47712, L cos 72^ 32' 30" “9*47712. 

[ Am. IT 27' 30" ] 

15. A ship sailing N. E. is, at a particular moment, in 
a line with two light-houses, one of which is situated 5 miles 
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cIb 6 K. of the other. In 3 miuntes and also in 21 minutes 
the lii^ht-houses are found to subtend a right angle at the 
ship. Prove that the ship is sailing at the rate of 10 miles 
an hour, and that the light-houses subtend their greatest 
angle at the ship at the end of 3 ^/7 minutes. 

16. A parachute was observed in the N. E at the ele\a- 
tion 45* ; ten minutes afterwards it was found to be due N. 
at an elevation 22 J*. The parachute was descending at the 
rate of 6 miles per hour, and was all along drifted uniformly 
towards the west by the wind. Show that wind blows at 
the rate of G miles per hour. 

17. A person wishing to determine the height of a distant 
temple observes the elevation of its top from a point on 
the horizontal ground through its base to he 30*. On 
walking a distance 80 ^/S ft. m a certain direction, he finds 
the elevation of the top to be the same as before, and tlien 
on walking a distance 80 it. at right angles to the former 
direction, the elevation is found to he 45®. Show that the 
height of the temple is 80 ft. 

18. The shadow of a telegraph post is observed to be 
half the know’n height of the post, and sometime afterw'ards 
it is equal to the known height ; how much will the sun 
have gone down in the interval, given 

log 2 -‘30103, L tan 63* 26'- 10‘3009994 
and diff. for l' = 3l59. [ 18* 26' 5*b" nearly ] 

19. The side of a bill faces due S , and is inclined to 
the horizon at an angle a. A straiglit railway upon it is 
inclined at an angle p to the horizon ; show that the bearing 
of the railway is 

cos“^(cot a tan P) E. of N. 

20 . A spherical time-ball of diameter d at the top of 
a tower subtends an angle 2e at a point on the ground from 
which the elevation of its centre is B ; prove that the height 
of the centre of the ball above the ground is id sin d cosec a. 



APPENDIX 


1. To prove that 


sin 6 < 0 < tan 6 

where Q is the circular measure of any positive acute amjlc. 



Jjoti AOP be a positive acute auRle wliose radian measure 
is 6, and let QOA be an equal anj»le on tlie other side 
ol OA, Wdh centre 0 and any radius, a circle is drawn 
cutting 07‘, OA, OQ at V, A, (J respectively. PQ is joined 
cutting OA at N. The triangles OPN and OQN are easily 
seen to be congruent, so that PN- (JN and Pj\Q is perpendi- 
cular to OA. The tangent VT to the circle at P cutting 
OA at T, ALOPT is a nglit angle. 7'Q being joined, the 
triangles OPT and OyT arc easily proved to be congruent, 
so that TP -TQ. 

The figure is thus symmetrica? about OA. 


Then, from tlie figure, 


sin 0- 


PN 

es 

OP 


1 PQ 

2 OP 


e = 

tan 9 = 


arc PA 1 mcPAQ 
OP “2 OP 
PT 1 PT+QT 
OP‘‘ OP 
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Now, we may take it as axiomatic tliat the straight liho 
Pi^ is Jess than the curved arc PAQ, and that the curved 
arc PAQ whicJi always bonds the same way, being within 
the triangle /’7V, is less than PT TQ. 

Hen"*o, since PQ < arc PAQ < P7'+ QT, 
wo have, on dividing; throughout by 20P, 
bin B <C d <. tan B. 

Alicrnativc method : 

Lot ABG be a circle wJiose centre is 0 and radius r. 



Ijet AOJ)- B radians. 

Draw BT the tangent at B to meet OA produced at 7' ; 
then BT' r tan 0. 

We know that if tlie angle of a sector of a circle of 
radius r is B radians, its area«ir®0. 

Now, from the figure it is obvious that if 0 < B < ^ * 

AOAB < sector OAB < AOBT. 

Jr* sin 0 < Jr®0 < Jr.r tan 0, 

V.r., sin 0 < 0 < tan 0. 
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2.^ Formidm for sin (A+B) a 7 id cos (A+B) where A 
and B are of any 7fia<}nitiide. (Generalisation of Art. dd). 

? |Y 


A 



Tlx ArMilo 33, foriiiiilL' for sin (^4 f- 7i) and fos (A-^B) 
^^OIe (lediK 0(1 nlly wiili a fxgnro in ^vlll( li A and B 

v;ero acnto and (J 1’77) l(‘ss than 00*". We now pro\o Ihorn 
111 a more general ease. 


Ijet a ro\olvin‘i line*, sfartinjj from OX^ ii’aceouf an an^’k 
XOZ - A and lurMior lj*ace out an anj^le TfOP ~ i?, so that 
the total traced out is (A ^B). From anv point ]* 

on the final position of the rovoh lino, PX find PT i\To 
drawn perpondicnlars to OX and OZ (pTodxiocd if nei Oj&sary, 
as m the aho^o and Iroiii T perpendicidars TTu and 

TB are drawn on OA' and /'A'' (produced ii nocessar^). 

in the figiiic ahovo, APOT B- IBO**, and since PA" 
and PT firo pi rpendicnlai”:* to OX and OZ respectively, 
LTPB-- AT0N-=im"- LXOZ, i.e., 180"- A. 

In considennH sin(A+P) and cos (4 -t P) from the 
triangle XOP, it is to lie noted that PN is negative and ON 
and OP aie piisitive. 

It we consuier only the positive magnitudes of the sides 
of the acxite-angled triangles OTAf PTU and OPT, tlien 
PAT with its proper sign may be written as —{TM - PB), 
and ON with its proper sign may he written as OM TB. 

Now, from the figure, 
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TM OT PK PT 
“ ^ OT OP PT OF 
~ - sin TOM cos POT + oob TPB sin POT 
- - sm (ISO"* - A) cos {B - 180°) 

■i cos (180"-^) sin (P-180°) 
-sm A (-cos B) + (- lo % i4)(-sin B) 
sui cos 7? + (OS A sin B. 


Aj^ain. 
(o^{A > B) 


OV^Ol/**^ RT 
0P“ OP 


o \f OT Jrr 1 r 

OT Op'^ I' I OP 


ros TOM cos P07 4 sin / P]^ bin POT 
(ns(lS0°-^)cos(7]-18()°) 

+ sm UB0° -* A) sin {B - 1 80°) 

( - ( os /!)( ( os B) f- sill A ( - bin B) 

*“ ( os A (OS B- sin 1 sm B, 


3. loimniiP Jo) sin (A-B) and cos(A-B) in a nioie 
(/P9i/*tal i as( ( Gi nrnihsai/on (yf A) I J^) 


Z 



Here, XOJS measured counter-clockwise ib A and ZOF 
measured clockwnse has magnitude B so that XOP measured 
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clockwise is /J -U. From 1\ PN and PT are drawn per- 
pendiculars on OX and OZ (produced in this li^iu:e)i and 
from T, TM and TIi are drawn perpendiculars on OX 
and PN. 


In the present figure, magnitudes of the acute anj?les 
TOilf and POT are 180** - A and B - 180° respectively, and 
noting tliat P^/OT is a cvciic quadrilateral [Z.^ N and T 
ibeing right angles), 7? 1^7'-= ZTOM- 180° - A in magnitude. 

Now, we see that in considering sin (A - B) and 
•cos {A-B) from the trianpll' NOI\ PX and ON are of 
negative sign. 

Hence, 

sin {A-B)= 

I/’T 4 /■'/,' 

or ' 

where the magnitudes of 1/7’, Ph\ etc. onh are considered, 
MT OT_ Pn PT 
OT OP PT OP 


=■ - sin rOJ/cort POT- cos BP^P §\i\ POT 

- “Sin (180°-^) cos (/;- 180°) 

- cos (j80°-yl) sin (Zl- JR0°) 

= - sin A { - cos /?)-(“ cos ^)( - sin B) 

= sin A cos 7/ “COS A sin B. 


Similarly, 
cos {A “ B) 


OX 
OP 
BT-OM 
OP 


wbero ON is lakon with proper sign ] 


r whom magnitudoB only of 
OM otc. are conaidorod J 


BT PT OM OT 
PT OP OT OP 


- - sin BPT sin POT + con TOM cos POT 
= — sin (180° - A) sin {B - 180°) 

+ cos (190° “ A) cos {B - 180°) 
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- - sin /I ( - sin 7i) + {- cos A){ - cos B) 

= cos A < 0*^ i? + sm A sin 1?, 

4. A few particular caseB of sin (A± B), cos (A± B). 

Ortsv /. In ike c(tse A athl B are both acute and 
(A-i-B) > 90". 

Construction s!lm(^ us jn Art. ‘#9. Hero, the foot of 
tho pcriwuKli<‘u(ar will tall on XO ])ro(Uice(l. 

LTUr - LTRO-^ LBOS-^A. 

sin (/t »- B) “bin XOP 

^(/r^TP 
^ OP^ OP 
Its PT Its , PT 
OP O]-'^ op 
oil PT Pit 
OUOP Pit OP 
«sin J cos /^ + crs TPft siii B 

*= sin A cos /* + cos A sni B, 



cos (.*1 t B) ~ cos XOP '■ 


CC\ [ Magnitude oVOQ being 
Ql* consideied ] 


SQ-SO OS SQ^OS TB 
OP " OP^ OP^ op'’ OP 
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^ OS OH TH PH 
“ OH OH " JUl OP 
*=cos A cos 2? -sin TPH sin H 
= c os A I os /i - sill J sm B 


Ca^e II, In the ta^e /s ohinsf and B ?s a( uie and 

(A iB) < lftO^ 

CVjnstriictioii siino <is in /\it. 

Here, ITP H ^ i^(f - AUPQ^ A_HOQ- 1 R 0 °- A, 

&m I PH = ^n\ A , <(»s -cos A. 

(A u 7 .. PQ JIT- PI _^nS-PT 

sin \A B) sin AOi ^ Qp (jp 

^HS PT ^ US 01 J PT PH 
^ OP'^ OP OH OJ* PH OP 
= sin A cos B- cos TPH sm B 
- Bin A io^ B i- ( os iJ bin B 



OS+SQ OS SQ 
OP ^ ^ op'' OP 
OS OR TH PR 
“ " OH OP PH OP 
= cos cos B - sm TPH sin B 
- cos ^ cos B - sm A sm B. 
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Case IIL In the case A and B are both obtuse and 
{A - B) ts acute. 

Coustrnction sarno as in Art. 34. 

Here, Z TPB - Z BOS - 180*^ - A. 



bill (A — /i) “* bin rO(^) 

^ VT-BS 
* OB Ol* 

PT ns PT PB ES 07? 

” OP “ OP ” Pjf OP “ OR OP 
-“COS TPB sin rOJi?-bin BOS cos POR 
^ COB (180® - A) sin (180® - B) 

-Bin (J80®-Z) (08 (180® -5) 

- - cos A sin 71 - sin ^ ( - cos 7?) 

= siu A cos B - cos A hin B. 

cos(i4-7?)“ COB POQ 

^00 ^OS ^Sg^OS-^BT OS BT 
“07^” OP “ OP “op OP 
^ OS OB BT PB 
^ OB' O P PB OP 

-cos BOS. cos POB + s\n TPB. sin POB 
“COS (180®-^) cos (180*^ - J5) 

+ sin (180® - A) sin (180® - B\ 
“ 008 A cos B + sin sin B. 
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6.* Note of Art, 90. 

Let us denote the formuLe of Arts. 82, 83, 84 by (I), (II), 
(III). We have seen in Art. 90, that (II) can be deduced 
from (III). Wo shall now show how any one of these can 
be deduced from any other of tlio rest. 

To deduce (I) from ( IIJ). 

SuKstitutin^ the value of h Iroin the second relation of 
Art. 81 in tlio first, 

a = {c cos ^ rt cos 0) cos + c cos B. 
a (l - cos^O) -- c (cos A cos G + cos B) 

~ c {cos A cos 0 - cos [A -I- C)} 

a sin‘‘'C- 6 sin A sin C. a/sin A-cism C. 

SimilarlN , snbstitutintf the value of c in the first relation, 
'we f?et 

a/sin i4 = 6/siri J5. Hence, etc. 

To deduce (11) and (Til) from (I), 

(i) Putting each of the ratios ot Art. 82 equal to /c, 
we get 

a-lc . %m A ; 6 = ^ . sin H ; c - ^ . sin C. 

. c^-a^^/risin^B-hsin^O-sinU) 
tibr , 2 sin B sin C 

^ sin^H + bin (0 + A) sin (C- A) 

2 sm B shi C 

^ sin B {sin B + sin (0 - A)\ 

2 sin B sin C 

L*.’ sin (0-+ A)= sin (ir-B) = fiin B ] 
^ sin B {sin (0 + A) + sin (0 - .4){ 

2 sin B sin G 

2 sin B sin C cos A . 

"• n ‘ n • /» « COB A. 

2 sin B sin 0 
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(ii) b cos C' + c cos B-~h (sin B cos C + sin C cos B) 

== k sin (B + C) = A; sin A 

“a. C '•* A + 13+C^ir'] 

To do (luce (I) and (Jfl) from (Jl) 

(ij siu^^ - 1 - 

, (b^ 4- c’' - rr \ ^ - {b^ + 

2b.: } “ 46V 

{2hc H- 6* + c* - a''‘)i2hc - 6® - c® + a®) 

46®c'‘‘ 

(a. 4- ^ f )(6 4- tj — a)(c 4- a * “ 4* — c) 

K 

. sin‘‘*yl 7v' 

*• a‘^ 

. , Rin^T? , Hui“C' , K 

similarly, aiul - ^'^^*^** 4a^6“c°* 

. sin®^ sin®/? sin^O . , , 

. . a ** I ij a » hence etc. 

b c 

(ii) Adding 2nd and 3rd relations of the formula) of 


Art. 83, we get 

4 c® “ 4-0^4- 2a® - 2ra cos B - 2ah cos C. 

Now, transjiosing and dividing by 2a, we get 
a - h cos C + c cos B ; etc. 



ANSWERS 


Examples I. I Pages 11-14 ] 


1. (0 first quadrant. 

(iii) second quadrant. 

2. (i) Gl" 4' 44"-4. 

2. (i) -25^776^. 

4. 82° ; 01^ CG' G" 6 ; Mtt 




7, G^andO®. 
10. 20° and 30' 


TTo'rr 

13. 27°, 0°, 18°. 

Ill) At 7-10. 15. 20°, 60°, 100°. 

17. 45°, G0°, 120°, 135°. 


(ii) third quadrant. 

(iv) fourth quadrant. 

(ii) 175° 49' 1"‘776. 

> (li) 

5. a : )£i “ Sir : 24. 

*• {)o(^'^w)"ioo(^^'^ioo)' 

11. 20^ 40^ 80*^. 

14. (i) At 2Hr*i mm. and 48 min. past 7. 

T 27f 4jr . IT 4ir ICir 


16. 


7’ 7' 7 ’ ai’ 2l’ 21 
18. 9. 


19. i;ir and iiT wh^ro .! = ^ 20. f. * 

mil (lOp — y^) * 

21. ^ and G. 22. 51 '41 miles per hour (nearly), 

23. G6444 miles per hour (nearly) ; 481445 miles (nearly). 

24. 76‘8 ft. (nearly). 25. 3959 miles (nearly). 26. 33 ft. 27. 3G0 yds. 


Examples II. [ Pages 24-26 ] 

25. (sin0-oos«)«. 26. «• 

88. ± + N/l+OOt“#. gg_ j 

sec a cot ^ 


39. 


a'-* — 5* . + 


2ah a* — 

(iii) (5c'— 6'c)* + (ca'— c'<7)’'»(n5'-a'6) 

(iv) (a'6 - 6'c){rt5' — be') « (aa' - cc ')^ . 


48. (i) 


“1. (ii) xy^c"^ 


15 
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Examples III. [ Pages 36-B6 ] 

' 8. (i) 60°. (ii) 45°. (iii) 30° (There is another 

angle which is not one nf the standard angles). 

(iv) 45". (v) 30". (vi) 80". (vii) 30". 

9. 10. a-50",|8 = 10". 

11. B«674", 0=45". 12. (i) - V- (ii) 1. 


Examples IV, [ Pages 49-51 J 


1 . 


1 . 

2’ 


1 . 2 . 

'“ n / 3 ‘ ^/ 3 ’ 


- 1 . 


1 . 2 . 1 . v'3 

J2 ' sya ’ “ ,w'3 ' 2 ’ 


3. 0. 


4 . 5. (i) 1. (ii) ±% ± 10. tan“9 ; 1. 12. (i) 2. 

(ii) J. (iii) gin ® or 0 according as n is odd or even. IS. H. 

oot 26*. (li) cos 25°. (iii) coaoc 39°. (iv) oosg- 

16. (i) 300°. (ii) 480°. 17. (i) 00°. (ii) 120°, 240°. 

(iii) 30°, 160°, 210°, 330°. (iv) 30°, 160°. (v) 30°, 135°, 1 f)0°, 315°. 


Examples V. l Pages 5C-.59 ] 


1. 100 J3U. 2. 
4 . 20 ^/S ft. :20 ft. 

7. 40v'3 ft. 

10. 04*64 ft. nearly 
IS. 50^/Gft. 

15. J ( iv'3 4-1) miles. 
17. 2U'6... ft. ; 91*0... 
19. 367*38 ft. 

22. Smiles. 


2-a0'°* milos ; 2i miles 3. 20 ^/3 ft. ; 120 ft. 

5. 30 8^2 ft. 6. 400( J3+1) yds. 

^° J fl± \/3) miles. 9. 22‘3 miles nearly. 

11. 47*32 ft. nearly. 12. 60 miles per hour. 

14. 40s/Cft. ;40^/2(^/7 + l)^t. 

16. 5 ^/i3 miles. 

ft. 18. 5*25... raUt‘s per hour. 

20. i^/f){ay5+l). 

28. 13 66 ft. 


Examples VL [Pages 08- 70 1 

21, bin A oob Ji cos (''-sin i? cos T oos ^-f-sin C cos .4 cos B 

+sin A sin B sin C ; 

tan .4 -tan B-tan T-tan *4 tan I) tan 0 
1-f tan A tan B°f tan A tan C-tan B tan C 
22 oot .4 cot B cot (7 — oot X -oot B-cot C 
cot B cot (.’-foot 0 cot ,4 + cot A cot B-l' 
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Examples VII. [ Pages 79-81 ] 

27. a. 

Examples IX. [ Pages 86-87 ] 

16* + W 2 fain ^yi-fsin A+ ^/l — sin A. 

(iii) No ; 2 sin = jjl-t-sin mJi~ sin a. 

Examples XI. L ?agos iio-iii ] 

!• ‘fJ^± t.f., (27(: + l)^* 2. (i) nv±^' (ii) nir± ^ • 

3. 2»^± (2/. + 1)t. 4. 

5. TiTT-l-^j or, H7r + (~l)'* g • 6. or, nir±g* 

m + {-Vn 8. or, (2n + l)^. or, (2n + l)^- 

9. or, 1)’* 2 ’ sin a= 10. Jir. 

11. r/7r+^- 12, 13. + or,' 2)Mr ~ 

14. (2H*fl}^» or, ?/7r±^- 15. or, 2?iir-i9, where /3 is 

a positive acute angle whoso sine is *. 16. ^tiTr. 17. WT±i«’‘ 

18, 19. 2ii7r4 i^TT, or, 2?J7r-f I'iTT. 20. — Jr, — ilrir, iir, 

21. ^ ('•/JT + o), whtrc tau a=2. 22. 2wir. 23. 2wir, i (471+ 1) ir. 

24, 90®, 4,‘i0“, 810^ 25. iir, far. 27. (i) imr + iir; 2mr±iir. 

iii) ±3^’ i g ’ ± 4 * (iii) tt7r±tan’‘ (iv) 2nir-a»'^’^,^ ^ir-f a. 
“(v) 2«ir, or, 2n7r-Jir. (vi) {2a 4 1) ^ " *■’ 

(vii) 7i7r4 (2« + l) ^ 28. nir+(-‘l)'‘21® 48'-C8® 12'. 

29, (i) a=^=}ir; or, a = jir, ^ — iir. 

(ii) a«Jr. A t '» or, o*=|{t, / 3« Jlr ; 
or. ft= }t, i9« Air ; or, a* At, i8“ “Jif. 
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Examples XII. [ x 19-121 ] 

2i. (®~?/)(l + ?y*)*«(7/“2)(l + a‘7/). 25. (i) J, or, -8. (ii) 

(iii) ± (iv) ± Jg- (v) or, (vi) 

(vii) 0, or. I (vlii) 0. ± J. (ix) 2- J3. (x) 


Miftcellaneoug Exanplea 1. [ 122 i 2 ^ ] 

!»■ ^''' + 2»" = 2(l + c). 

Examples XllUa). [ isn-r'iv ] 


1.(0 6. (ii) -3. 2. -2. 

5. „:i- »-o)3. 

(ii) 

li- 

10. 1-1173942. -3861209. 

18. 2*125805. 

14. 

*41 %9. 

16. (i) I 8969092. (ii) •8986(16. 


16. 

39*879. 

17. (i) 13. (ii) 0. (iii) 26, 

18. (i) 24. (ii) 4. 

(lii 

) 79. 

19. (Ojj -03 

(,i)4 + J°"^.......6- 

77... 

(iii) 21 o?7-3 1or3 

61og6-los7-2 log;! 




(iv) ir=“, ^=2’7l nearly, ?/= 

' ' log ’*-lag2 log 3 -log 2 

1 nearly. 

,, 26 ( 21 -6) , 2nh 

6(j()-l-'!<ir - 26” — 5nb+ loc — 26” — (lo 




whore rt**=lot? 2, •*?, c«=log 7. 

20. (i)logir= j • 


Examples Xlll(b). [ P»gos 142-144 ] 

1. 3-276(1077. 2. 1-3686646. 3. 37-6018. 4. '7460827. 

6. -8465104 : 32° 16’ 21". 6. '792886 ). 

7. 9-8440654, 10 1659446. 8. 36' 24' 36". 

9. 63“ 13' 65". 10. 9-6198509 : 22“ 86' 28". 

U. 10-0967589. IS. 9-9147334. 14. 9'8718486. 

IS. 0-50“ 7' 48" nearly. 17. -2894. 
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Examples XlV(a). [ Pages 1S7-160 ] 

28. 320°. 24. A=C0°. 29. =90°, B = 30°, 0=60°. 

39. a/ V + ^ + ^ . 40. 84. 

• V ^ X y 

Examples XlV(b). [ Pages 160-168 ] 

16. r = 4; B=8;. 

Examples XV(a). [ Pages 172-173 ] 

I. 35° 5' 49". 2. 102° 1' 28". 3. 68° 59' 33". 

4. 104* .30' ; 46" 36' ; 28° 54'. • 5. (i) 88° 59' 40'9". 

(li) 78° 27' 46-86". 6. (i' 48° 11' 2 3" ; 58° 24' 43" ; 7.3° 23' 51". 

(li) 112° 34' 24". 7. A = 120°, B=45°, 0=15°. 

8. .4=^45°, B = 30°, 0-10,'.°. 9. .1 = 60°. B = 38° 11', 0= 81° 49'. 

10. A = 105°, /j = 45", C-10°. 11. (^/3+l); n/0:(J3-1). 

18. jr, + l: 14. 3:4:5. 

Examples XV(b). f Pages 376-178 ] 

1. B = .)8° 12' 48", 0 = 21° 47' 12". 

2. B= 56“ 19' 46 3", 0 = 63’ 40' 1 1'?". 

8. ^ = 117° 38' 45", B = 27° 38' 45". 

4. .4 = 94° 42' 54", B = 25° 17' 0". 

5. B = 71° 44' 29-5", 0=48° 15' 30'5". 

6. (i) 70° 5 1' .!6" : 49“ 6' 14". (ii) 74° 13' 50", 35° 16' 10". 

(iii) A = 64° 21', B=77° 25', c = 27-89. 

7. (i) B=78° 17' 39 0", 0=40° .36' 20-4". 

(ii) 116° 33' 54" ; 25° 33’ 54". 

8. A - B = 75°, 0 = 30°, 6 = 2 9. ^6, 15°, 105°. 

10. (i) A = 45°, B = 75°, 0 = */6. (ii) A = 30°, B = 90°. 

II, 27 a376. 12. 172-6436 ft. 18. 79 063. 

14. (i) A = 31' 20', 6= ia5, c= 192. 

(ii) 6= 18-46, c = 37-16, 0 = 70° 80'. (iii) 6 = llp-9, c-117-2. 

15, 0 = 76°, a-c = 2»./3-82. 16. C-tOH*, a= Ji, c- J5+1. 

17. 72°, 72°, 36° ; each side- iv/6 + 1. 18. 8,1. 

Examples XV(c). [ Pages 184-185 ] 

1. (i) One solution. (ii) Ambiguous ; two solutions. 

(iii) No solution. (iv) One solution (zigbt-angled tiriangle). 
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i. (i) C-76*, ^ = 60”, a = Jd 1 (ii) 60*, or, 120\ 
or, C-135*,4 = ;»0“,fl= ^/2 1 

. 8. >1 •'15®, 0=- 75°, c“ ^/3+l. (no ambiguity). 4. Iini'ossible. 

8. C = 68®.5fi'5f.'j" I (;-121”5'T7" 1 

yl-87®48' !•?'' ] /I ^25° 41' 50' .7" 1 

9. 7J^34' 27', r=--ioo® ;ta'. 

10. ^-.5® 44' 21". 11. .4 = 31° 39' 34", 2J = 80“ 20'2r)". 

12. .4 = 80° 8(i'. (’=04° 14' , or, /!= 29° 4', ('=115° 46'. 

MiscellaneouB Examples IL I I’ lg”'' 1 

11. 4, 5, « ‘ 14. 71 = 44° 25' 39", or, 115° 34' 4". 

21. i (rur4 Air-(a + 5H ')) 24. J (n7r4 {jrl. 

Examples XVI. I iVgi'f. 2i‘i-2i4 ] 

4. 9=}t. 6. 3'= 38° 10' iioiirh . 6 £«■. 7. — ',’,7 iipnrly. 

8, (i) a'=0. (ii) 4C° 25' (ncarK) and 90®. (lii) 22i° and 112J°. 

(iv) ir. (v) 14® nearly. (\i) I’lO, 2'7‘7, 4'92. 

(vii) I'lf., 3-28. 4 05. (vsii) ± 82. (ix) ’04. 



CALCUTTA UNIVERSITY 
QUESTIONS PAPERS 

Pre-University Papers 


1. [a) Show, gcometricalTy, that if A and B aro positive aculc angles, 
and A > B, then 

cos (4 -* iJ) - cos cos jB + sin A sin I). 

(b) 1! A, B,C aro the angles of a triangle, shew that 

. A ^ 7J-C ^ B n 
sin + cos - ^ “2 cos cos ^ • 


2. ia) Shew that 

3 +sin B 


{ 1 - 1 } 


(b) Shew that 

tan“^ J+ tan*^-5+tan'^ i! + tau"‘ 

3. (ii) Provo that with the usual notations 

(b) The sides of a triangle are 8 cms., 15 cms., 17 cms. Find its 
greatest angle. 

4 . (a) Find the value of sin 18®. 

(6) Draw a neat graph of sin ar in the region - ir < ic < ir. 


1. ((}) Show, geometrically that, if A and B are positive acute angles 
and < 90®, then 

sin (i + B)»Bm A cos JB+oos A sin B, 

(b} Shew that 

. cos il+oos B+cobC+cob (i + B+O) 

. i + B B-fC 

•4 003 ' COB ’-g COS 2 • 


p/15/1 
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2- (rtf) Solve and find a general value for a:, where 
cos a:+ \/3 sin a;«l. 

(b) Shew that 

^ wji 4- 1 

tAu" ‘ X + cot' * y » tan' ‘ 

^ y-a 

8. (n) n a, 6, r are the sides and ^4, B, C the angles opposite to the 
sides rtt, 6, r* respectively, in a triangle ABC, shew that 


tan 


B-C 


h — c . A 


(6) A triangular courtyard has two of its sides of length <12 and 
48 moires respectively and th<j angle included between those sides is 
64® 3G'. Calculate the angles at the remaining vertices of the courtyard, 
having given 

Iog,^2«-3010H ; h cot 32® 18'* 10-1091C ; 

B tan 17® 33' *9*50004 ; L tan 17® 34'=9’50048. 

4 . (u) The 8ha<low cast by a telegraph post is 6 metres longer when 
the sun's altitude is 30^ then when it is 45® ; shew that the height of 
the post is 3 (1 + ^Jw) metros. 

(fc) Draw a nejit graph of cos x in the region - v a: v. 
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(а) Ppove that the radiaa is a constant angle. Find its value in 
degrees, minutes eto. C ir •* V 3 

(б) The angles of a triangle are in Arithmetical Progression and 
the number of degrees in the least is to the number of radians in the 
greatest as CO to w. Find the angles in degrees. 

(n) If A, .4 + ^ are all acute angles, prove (geometrically) that 

cos (i4 + JB)«oo8 A cos B-sin A sin 

(S) Find the value of 

sin* 60 ®+oo 9» 150° 4. tan* 120'* + oob X80°-tan 

(a) Find the values of between 0° and SCO*^ which satisfy the 
equation 2 sin"d+3 cos ^«0. 

id) If A + B«90°, prove that 

cos 2/i - cos 2.4 . . . ry 

„ . » tan A - tan B. 

am 241 

4. (a) In a triangle ABC, prove that a» 6 cos C+c cos B, 

(h) In a triangle, the angles are to one another as 1 ; 2 1^3 ; ptove 
that the corresponding sides are as 1 ; : 2. 


5. Two vertical pillars the height of one of which is double that 
of the other are at a distance of 150 ft. from each other. At a point 
between the pillars and on the line joining their feet the angular 
elevations of the tops of the taller and the shorter pillar are found to 
be 60° and :10° respectively. Find the heights of the pillars and the 
position of the point. 

C/Dsaw the graph of sin « between the values and 

and find, from the graph, the value of sin 120°. 


I960 ( Compartmentai ) 

1. (o) Iho diff^enoe between the two acute angles o^ a right-angled 
trian^e is radians ; express these angles in degrees. 

(6) If » is the length of the are of a eirole whoae radius is r and 
4 is the radian nteasute of the ani^ at the oentre, standing on the arc, 
prove that 

y If A and B are both acute angles and A is greater than B, 
l^on (geometrioally) that 

sin (d^Bl^sIn A oos B-ioos A sin B. 
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(7>) If sin A^l and cos where A and B ar$ acute angles, 

find the vatue of 

tan A Ian B 
1 4* tan A ta-n B 

8, (n) Find the values of 0 between 0® and Jieo" which satisfy the 
equation 

y sin" d-“2 COS 

(/)) 180”, prove that 

sm ^4 sin f^48in C~ 4 cos iA cos cos J6’. 

4. In a triangle A B(\ prove that 

(i)ro8 4«* • (n) (7 COB ^ »(fc4o)sm 

The upper ])art of a straight tree broken over bv the wind, but 
not completely beparated, makes an angle of ilO” with the ground, and 
the distance from the root to the point where the top of the tree touches 
the ground is 50 feet. What nas the height of the tree ? 

0. r>raw the graph of cos » between the values of a**: — ir and j* = t 
and read off from the graph, the valuc»of cos 160®. 




1061 


{n) The radius of a circle is 10 cm. ; find the angle, in degrees 
and minutes, subtended at its centre by an arc C cm. in length, [v^ 

(6) The angles of a triangle are in Arithmetical Progression. If 
the number of degrees in the greatest angle is the same as the number 
of grades m the leosl, find the angles in degrees. 

yAt. (a) U Af G and *4~ II are positive acute angles, prove geometri- 
illy that 

sin (A-*J0®sin A cos B-cos A sin B. 

(6)r^md the value of 

sin :n0”^ tan 45®-4 sin* 120®+2 oos* l36®48eo’' 180®. 


8. (u) Find the values of 0 between 0® and 360® which satisfy the 
equation 

s/3 sin ^ + C08 0^ 1. 
yfh) If .4 + B 4 C *» 180®, jirove that 

tan A 4* tan B 4 tan C ^ tan A tan B fan C. 

4 . In a triangle ABC^ prove that 
. « sin .4 sin B sin C 
(«) a'‘'b c ■ 

[b) <i sin (B-0)4 b sin (C?'".4)4c sin (.4-B)*=0- 
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5. On a straight coast thcro are throe objects 4, B a,ncl 0 such 
that ^7?«Bc’"4 miles. A steamer approachois B in a line perpends 
calar to the coast and at a certain point AC is found to subtend an 
angle of GO’’ ; after sailing in the seme direction for ten minutes, 
AC is found to subtend an angle of 120'' ; find the rate at which the 
steamer is going. 

6. Draw the graph of sin .t between the values of 0'' and JICO® 
and road off from the graph, the value of sin 240°. 

1961 ( Coinpartmental ) 

/^l. (a) Difino a radian. Taking r=*‘l‘14lG, show that a radian 
contains 20G205 seconds approximately. 

^{h) One angle of a triangle Is ix grades and another is lO* degrees, 

» 

whilst the third is radians ; express them all in degroos. 

y^{a) If A, B and A-B are aU positive acute .angles, prove 
goomotncally that 

cos {A - B) = cos A COR B -I sin A sin B. 

/\h) Find the value of 

(sw’ 4f.’-co(« 45'’;-(oos’ 00“ -1 sin” 120’). 

1 tan »U 

3. {n) Prove that 

cos 8/1 = 4 co 9^4 - 3 con A . 

^6) If A + JH C- lOO", iffovo that 

sin 2A + sin 2B+sm 2C<=4 .sin A sin H sin 0. 

4 . In a triangle ABO, prove 
(a) c^a cos 7M h cos A 

/I \ 

(/;) 10 - cj cos 2 ® 2 * 

6. Two vertical poles are 120 feet ai)art and the height of one is 
double that of the other. From the middle point of the lino joining 
their feet, an observer finds the angular elevations of their tops to be 
complementary. Find their heights. 

6. Draw the graph of cos x between the values and a;«360® 
and r^d off from the graph the value of cos 300°. 
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1962 

1> (a) Tbo circular measure of two angles of a triangle are i and i. 
Eind the number of degrees and minutes in the third angle. 

[ V radians 2 right angles ]• 

(h) Tho diamotor o! a graduated circle is 0 tt. and the gradua* 
lions on its rim are 15' apart ; find the distance (in inches correct to 
two places of decimals) from one graduation to another next to it. 


(o) li A, A + B are all acute angles, prove geometrically, that 
cos (4 + y?) = cos A cos B-sin *4 sin B. 


(5) Show that 

sin 420" cos 300" 4 cos (-300®) sin 

8, (a) Find the values of d between 0" and 3C0® which satisfy the 
equation 

cos*^-sni 

(M If 4 + />’ 4 C = 1 80", jirove that 

sin J4*sin B-sin C=4 sin jA sin JB cos iO. 

4. In a triangle ABC, prove that 

(n) cos ^ * (d) n sin +cj«(?> + c) sin^* 


^ 5. The angle of elevation of tho top of a tower is ob^ierved to be 60" 
from a point in the horisiontal piano through tlie foot of the tower ; 
at a point 40 ft, vorUoally above the ftist point of observation, the 
elevation is found to be 46®. Find the height of tho tower and Us 
horizontal distance fr>m the points of obser\'ation. 


0, Draw the graph of cos ®, between tho values cf and 
and read of! from the graph the value of cos 120®, 
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SOME USEFUL CONSTANTS 
One radian -57* 17' 45" nearly -206265" ; 

V log 206266 - 6 8144266. 

«-3‘14169265... ' -0*81830989... 

n 

^2-1*4142135... ^/3- 1*7320508... 

#■ 

V5- 2*2360679... ^6- 2*4494897... 

»/7- 2*6457513... VS- 2 8284271... 

Jl6- 3*1622776... 

SOME USEFUL LOGARITHMS 


log 2 -*30103 
log 5 =-*69897 


log 3 -*47712 
log 7 - *84510 








